
Certainty Equivalent Measures of Risk

Alexander Vinel Pavlo A. Krokhmal�

Department of Mechanical and Industrial Engineering
University of Iowa, 3131 Seamans Center, Iowa City, IA 52242, USA

Abstract

We study a framework for constructing coherent and convex measures of risk that is inspired by
infimal convolution operator, and which is shown to constitute a new general representation of these
classes of risk functions. We then discuss how this scheme may be effectively applied to obtain a class
of certainty equivalent measures of risk that can directly incorporate preferences of a rational decision
maker as expressed by a utility function. This approach is consequently employed to introduce a new
family of measures, the log-exponential convex measures of risk. Conducted numerical experiments
show that this family can be a useful tool for modeling of risk-averse preferences in decision making
problems with heavy-tailed distributions of uncertain parameters.

Keywords: Coherent risk measures, convex risk measures, stochastic optimization, risk-averse pref-
erences, utility theory, certainty equivalent, stochastic dominance, log-exponential convex measures
of risk

1 Introduction

Informally, a decision making problem under uncertainties can be stated as the problem of selecting a
decision x 2 C � Rn, given that the cost X of this decision depends not only on x, but also on a random
event ! 2 �: X D X.x; !/. A principal modeling challenge that one faces in this setting is to select
an appropriate ordering of random outcomes X , or, in other words, define a way to choose one uncertain
outcome, X1 D X.x1; !/, over another, X2 D X.x2; !/. A fundamental contribution in this context
is represented by the expected utility theory of von Neumann and Morgenstern (1944), which argues
that if the preferences of a decision maker are rational, i.e., they satisfy a specific system of properties
(axioms), then there exists a utility function u W R 7! R, such that a decision under uncertainty is optimal
if it maximizes the expected utility of the payoff. Equivalently, the random elements representing payoffs
under uncertainty can be ordered based on the corresponding values of expected utility of these payoffs.
Closely connected to the expected utility theory is the subject of stochastic orderings (see Levy, 1998),
and particularly stochastic dominance relations, which have found applications in economics, decision
theory, game theory, and so on.

An alternative approach to introducing preference relations over random outcomes X.x; !/, which has
traditionally been employed in optimization and operations research literature, and which is followed
�Corresponding author. E-mail: krokhmal@engineering.uiowa.edu
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in the present work, is to introduce a function � W X 7! R, where X is an appropriately defined space
containing X , such that X1 is preferred to X2 whenever �.X1/ < �.X2/. The decision making problem
in the presence of uncertainties can then be expressed as a mathematical program

minf�.X/ W X D X.x; !/ 2 X ; x 2 C g; (1)

where function � is usually referred to as a risk measure. In stochastic programming literature, the ob-
jective of a minimization problem like (1) has traditionally been chosen in the form of the expected cost,
�.X/ D EX (Prékopa, 1995; Birge and Louveaux, 1997), which is commonly regarded as a represen-
tation of risk-neutral preferences. In the finance domain, the pioneering work of Markowitz (1952) has
introduced a risk-reward paradigm for decision making under uncertainty, and variance was proposed as
a measure of risk, �.X/ D �2.X/. Since then, the problem of devising risk criteria suitable for quan-
tification of specific risk-averse preferences has received significant attention (see a survey in Krokhmal
et al., 2011). It was noticed, however, that “ad-hoc” construction of � may yield risk functionals that,
while serving well in a specific application, are flawed in a general methodological sense. Artzner et al.
(1999) suggested an axiomatic approach, similar to that of von Neumann and Morgenstern (1944), to
defining a well-behaved risk measure � in (1), and introduced the concept of coherent measures of risk.
Subsequently, a range of variations and extensions of the axiomatic framework for designing risk func-
tionals have been proposed in the literature, such as convex and spectral measures of risk (Föllmer and
Schied, 2004; Acerbi, 2002), deviation measures (Rockafellar et al., 2006), and so on, see an overview
in Krokhmal et al. (2011) and Rockafellar and Uryasev (2013). Since many classes of axiomatically de-
fined risk measures represent risk preferences that are not fully compatible with the rational risk-averse
preferences of utility theory, of additional interest are risk measures that possess such a compatibility in
a certain sense.

In this paper we propose a new representation for the classes of coherent and convex measures of risk,
which builds upon a previous work of Krokhmal (2007). This representation is then used to introduce
a class of coherent or convex measures of risk that can directly incorporate rational risk preferences as
prescribed by the corresponding utility function, through the concept of certainty equivalent. This class
of certainty equivalent measures of risk contains some of the existing risk measures, such as the popular
Conditional Value-at-Risk (Rockafellar and Uryasev (2000, 2002)) as special cases. As an application
of the general approach, we introduce a two-parameter family of log-exponential convex risk measures,
which quantify risk by emphasizing extreme losses in the tail of the loss distribution. Two case studies
illustrate the practical merits of the log-exponential risk measures; in particular, it is shown that these
nonlinear measures of risk can be preferable to more traditional measures, such as Conditional Value-at-
Risk, if the loss distribution is heavy-tailed and contains catastrophic losses.

The rest of the paper is organized as follows. In Section 2.1 we briefly discuss the classes of coherent and
convex measures of risk as well as some of their properties. Section 2.2 establishes that the constructive
formula of Krokhmal (2007) does actually constitute a representation for coherent risk measures and
can be generalized to the case of convex measures of risk. Using this representation, in Section 2.3 we
introduce a class of coherent or convex measures of risk that are based on certainty equivalents of some
utility functions. In Section 2.4 we further study some of the properties of this class of risk measures.
Finally, Section 3 discusses the log-exponential convex measures of risk, and illustrates their properties
with two case studies.
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2 Risk Measures Based on Infimal Convolution

2.1 Coherent and Convex Measures of Risk

Consider a random outcome X 2 X defined on an appropriate probability space .�;F ;P/, where X is
a linear space of F-measurable functions X W � 7! R. A function � W X 7! R D R [ fC1g is said to
be a convex measure of risk if it satisfies the following axioms:

(A0) lower semicontinuity (l.s.c.);

(A1) monotonicity: �.X/ � �.Y / for all X � Y ;

(A2) convexity: �
�
�X C .1 � �/Y

�
� ��.X/C .1 � �/�.Y /, � 2 Œ0; 1�;

(A3) translation invariance: �.X C a/ D �.X/C a, a 2 R.

Similarly, function � W X ! R is said to be a coherent measure of risk if it satisfies (A0)–(A3), and,
additionally,

(A4) positive homogeneity: �.�X/ D ��.X/; � > 0.

Remark 2.1. We assume that the space X is endowed with necessary properties so that the corresponding
risk measures are well defined. Specifically, X is a space of integrable functions, EjX j < C1, and is
equipped with an appropriate topology, which is assumed to be the topology induced by convergence
in probability, unless stated otherwise. Also, it is assumed throughout the paper that all considered
functions are proper (recall that function f W X 7! R is proper if f .X/ > �1 for all X 2 X , and
domf D fX 2 X jf .X/ < C1g ¤ ;).

Remark 2.2. In this work we adopt the traditional viewpoint of engineering literature that a random
quantity X represents a cost or a loss, in the sense that smaller realizations of X are preferred. In eco-
nomics literature it is customary to considerX as wealth or payoff variable, whose larger realizations are
desirable. In most cases, these two approaches can be reconciled by inverting the sign of X , which may
require some modifications to the properties discussed above. For example, the translation invariance
axiom (A3) will have the form �.X C a/ D �.X/ � a in the case when X is a payoff function.

Remark 2.3. Without loss of generality, we also assume that a convex measure of risk satisfies nor-
malization property: �.0/ D 0 (observe that coherent measures necessarily satisfy this property). First,
such a normalization requirement is natural from methodological and practical viewpoints, since there is
usually no risk associated with zero costs or losses. Second, due to translation invariance any convex �
can be normalized by setting Q�.X/ D �.X/ � �.0/.

Remark 2.4. It is worth noting that normalized convex measures of risk satisfy the so-called subhomo-
geneity property:

(A40) subhomogeneity: �.�X/ � ��.X/ for � 2 .0; 1/ and �.�X/ � ��.X/ for � > 1.

Indeed, in order to see that the first inequality in (A40) holds, observe that ��.X/ D ��.X/ C .1 �

�/�.0/ � �.�X C .1 � �/0/ D �.�X/ for � 2 .0; 1/. Similarly, if � > 1, then 1
�
�.�X/ D 1

�
�.�X/C�

1 � 1
�

�
�.0/ � �.X/.
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Artzner et al. (1999) and Delbaen (2002) have proposed a general representation for the class of co-
herent measures by showing that a mapping � W X 7! R is a coherent risk measure if and only if
�.X/ D supQ2Q EQX; where Q is a closed convex subset of P -absolutely continuous probability
measures. Föllmer and Schied (2002) have generalized this result to convex measures of risk. Since
then, other representations have been proposed, see Kusuoka (2001, 2012); Frittelli and Rosazza Gianin
(2005); Dana (2005); Acerbi (2002). For example, Acerbi (2002) has suggested a spectral representa-
tion: �.X/ D

R 1
0 VaR�.X/ .�/d�, where  2 L1.Œ0; 1�/. While many of these results led to important

theoretical insights and methodological conclusions, relatively few of them provided practical ways for
construction of new risk measures in accordance with specified risk preferences, which are also con-
ducive to implementation in mathematical programming problems. Below we discuss a representation
that may be better suited for this purpose.

2.2 An Infimal Convolution Representation for Coherent and Convex Measures of Risk

An approach to constructing coherent measures of risk that was based on the operation of infimal con-
volution was proposed in Krokhmal (2007). Given a function � W X 7! R, consider a risk measure �,
which we will call a convolution-based measure of risk, in the form

�.X/ D inf
�
�C �.X � �/: (2)

Then, the following claim has been shown to hold.

Proposition 2.1 (Krokhmal, 2007, Theorem 1). Suppose that function � satisfies axioms (A0)–(A2) and
(A4), and, additionally, is such that �.�/ > � for all constant � ¤ 0. Then the infimal convolution in
(2) is a proper coherent measure of risk. Moreover, the infimum in (2) is attained for all X , and can be
replaced with a minimization operator.

In this section we show that this approach can be substantially generalized, which leads us to formulate
Theorem 2.5 below. Before moving to this general result, we establish a few subsidiary lemmas. First, we
demonstrate that expression (2) is a representation, i.e., any coherent measure of risk can be expressed
in the form of (2).

Lemma 2.2. Let � be a coherent measure of risk. Then, there exists a proper function � W X 7! R
that satisfies axioms (A0)–(A2) and (A4), �.�/ > � for all constant � ¤ 0, and is such that �.X/ D
min� �C �.X � �/:

Proof. For a given proper and coherent � consider ��.X/ D 2Œ�.X/�C, where ŒX�C D maxfX; 0g, and
observe that �� is proper and satisfies (A0)–(A2) and (A4) if � is coherent, and, moreover, ��.�/ D
2Œ��C > � for all real � ¤ 0. Finally, min� � C ��.X � �/ D min� � C 2Œ�.X � �/�C D min� � C
2Œ�.X/ � ��C D �.X/, i.e., any coherent � can be represented in the form of (2).

Remark 2.5. It is easy to see from the proof of Lemma 2.2 that the function � in representation (2) is not
determined uniquely for any given coherent measure �. Indeed, one can choose (among possibly others)
�.X/ D ˛Œ�.X/�C for any ˛ > 1.

Next, we show that the infimal convolution representation (2) can be generalized to convex measures
of risk. Technically, the proof of Proposition 2.1 in Krokhmal (2007) relies heavily on the positive
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homogeneity property (A3) of coherent risk measures, but as we demonstrate below, it can be amended
in order to circumvent this issue. Recall that, given a proper, l.s.c., convex function f on Rn and
x 2 domf , its recession function .f 0C/.y/ can be defined as

.f 0C/.y/ D lim
�!1

f .xC �y/ � f .x/
�

:

Note that the above expression does not depend on x 2 domf , hence .f 0C/.y/ is well-defined (Rock-
afellar, 1997, Theorem 8.5). The result established below mirrors that of Proposition 2.1 in the case of
convex measures of risk.

Lemma 2.3. Suppose that a proper function � satisfies axioms (A0)–(A2), and, additionally, is such that
�.�/ > � for all constant � ¤ 0 and �.0/ D 0. Then the infimal convolution �.X/ D inf� �C�.X ��/
is a proper convex risk measure. Moreover, the infimum is attained for all X , and can be replaced with
min�.

Proof. For any fixed X 2 X consider function �X .�/ D �C �.X � �/. Clearly, since � is proper, l.s.c.
and convex, �X is l.s.c., convex in � and �X > �1 for all �. Next we will show that the infimum in
the definition of � is attained for any X . First, suppose that dom�X D ;, hence �.X/ D C1, and the
infimum in the definition is attained for any � 2 R. Now, assume that there exists Q� 2 dom�X , and
consequently both �.X � Q�/ < C1 and �.X/ < C1. Recall that a proper, l.s.c. function �X attains its
infimum if it has no directions of recession (see Rockafellar, 1997, Theorem 27.2), or in other words, if
�X0

C.�/ > 0 for all � ¤ 0. Observe that

.�X0
C/.�/ D lim

�!1

Q�C �� C �.X � Q� � ��/ � Q� � �.X � Q�/

�

D � C lim
�!1

�.X � Q� � ��/

�
� � C lim

�!1
�
�X � Q�

�
� �

�
;

where the last inequality follows from Remark 2.4 for sufficiently large � . Since � is l.s.c. and �.�/ > �
for all � ¤ 0, we can conclude that lim�!1 �

�
X�Q�
�
� �

�
� �.��/ > ��; whereby .�X0C/.�/ > 0 for

all � ¤ 0, which guarantees that the infimum in the definition is attained, and �.X/ D min� �C�.X��/.
Next, we verify that axiom (A0) holds. As shown above, for any X 2 X there exists �X such that
�.X/ D �X C �.X � �X /. Consequently,

lim inf
Y!X

�.Y / D lim inf
Y!X

�
�Y C �.Y � �Y /

�
� lim inf

Y!X

�
�X C �.Y � �X /

�
D �X C lim inf

Y!X
�.Y � �X / � �X C �.X � �X / D �.X/;

where the last inequality holds due to lower semicontinuity of �. Whence, by definition, � is l.s.c.
Verification of properties (A1)–(A3) is straightforward and can be taken from Krokhmal (2007), Theorem
1.

Lemma 2.4. Let � be a convex measure of risk such that �.0/ D 0. Then there exists a proper function
� W X 7! R that satisfies axioms of monotonicity and convexity, is lower semicontinuous, �.�/ > � for
all � ¤ 0, and such that �.X/ D min� �C �.X � �/:

Proof. Analogously to Lemma 2.2, one can take ��.X/ D 2Œ�.X/�C.
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Combining the above results, we obtain a general conclusion.

Theorem 2.5. A proper, l.s.c. function � W X 7! R is a convex (respectively, coherent) measure of risk
if and only if there exists a proper, l.s.c. function � W X 7! R, which satisfies the axioms of monotonicity
and convexity (and, respectively, positive homogeneity), �.�/ > � for all � ¤ 0, �.0/ D 0, and such that
�.X/ D min� �C �.X � �/.

The importance of infimal convolution representation (2) for convex/coherent risk measures lies in the
fact that it is amenable for use in stochastic programming problems with risk constraints or risk objectives
(note that the problem does not necessarily have to be convex).

Lemma 2.6. Let � be a coherent measure of risk, and for some F;H W X 7! R and C.X / � X consider
the following risk-constrained stochastic programming problem:

minfF.X/ W �.X/ � H.X/; X 2 C.X /g: (3)

Then, for a given convolution representation (2) of �, problem (3) is equivalent to a problem of the form

minfF.X/ W �C �.X � �/ � H.X/; X 2 C.X /; � 2 Rg; (4)

in the sense that if (3) is feasible, they achieve minima at the same values of the decision variable
X and their optimal objective values coincide. Moreover, if risk constraint is binding at optimality
in (3), then .X�; ��/ delivers a minimum to (4) if and only if X� is an optimal solution of (3) and
�� 2 arg minf�C �.X� � �/g.

Proof. Analogous to that in Krokhmal (2007), Theorem 3.

Additionally, representation (2) conveys the idea that a risk measure represents an optimal value or
optimal solution of a stochastic programming problem of special form.

2.3 Convolution Representation and Certainty Equivalents

The infimal convolution representation (2) allows for construction of convex or coherent measures of risk
that directly employ risk preferences of a decision maker through a connection to the expected utility
theory of von Neumann and Morgenstern (1944). Assuming without loss of generality that the loss/cost
elements X 2 X are such that �X represents wealth or reward, consider a non-decreasing, convex
deutility function v W R 7! R that quantifies dissatisfaction of a risk-averse rational decision maker
with a loss or cost. Obviously, this is equivalent to having a non-decreasing concave utility function
u.t/ D �v.�t /. By the inverse of v we will understand function v�1.a/ D sup ft 2 R W v.t/ D ag:

Remark 2.6. Note that if a non-decreasing, convex v.t/ 6� const then, according to the definition above,
the inverse is finite, and moreover, if there exists t , such that v.t/ D a < C1, then v�1.a/ D maxft 2
R j v.t/ D ag. Additionally, let v�1.C1/ D C1.

Then, for any given ˛ 2 .0; 1/, consider function � in the form

�.X/ D
1

1 � ˛
v�1Ev.X/; (5)
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where we use an operator-like notation for v�1, i.e., v�1Ev.X/ D v�1.Ev.X//.

Expression CE.X/ D v�1Ev.X/ represents the certainty equivalent of an uncertain loss X , a deter-
ministic loss/cost such that a rational decision maker would be indifferent between accepting CE.X/ or
an uncertain X ; it is also known as quasi-arithmetic mean, Kolmogorov mean, or Kolmogorov-Nagumo
mean (see, among others, Bullen et al., 1988; Hardy et al., 1952). Certainty equivalents play an impor-
tant role in the decision making literature (see, for example, Wilson, 1979; McCord and Neufville, 1986);
in the context of modern risk theory, certainty equivalents were considered in the work of Ben-Tal and
Teboulle (2007).

In order for function � as defined by (5) to comply with the conditions of Theorem 2.5, the deutility
function should be such that �.�/ D 1

1�˛
v�1v.�/ > � for � ¤ 0. This necessarily implies that

v.�/ D v.0/ for all � � 0, provided that v is proper, non-decreasing and convex. Indeed, if v.��/ < v.0/
for some �� < 0, then according to the above remarks v�1v.��/ D maxf� W v.�/ D v.��/g D ���,
where ��� is such that �� � ��� < 0 and v�1v.���/ D ���, whence �.���/ D .1 � ˛/�1��� < ���.

Additionally, without loss of generality it can be postulated that v.0/ D 0, i.e., zero loss means zero
dissatisfaction. Indeed, Qv�1E Qv.X/ D v�1Ev.X/ for Qv.t/ D v.t/ � v.0/, i.e., such a transformation of
the deutility function does not change the value of the certainty equivalent. Similarly, it is assumed that
v.t/ > 0 for all t > 0. This condition represents a practical consideration that positive losses entail
positive deutility/dissatisfaction, and is not restrictive from methodological point of view. Indeed, it can
be shown that if one allows for t0 D maxft W v.t/ D 0g > 0, then the risk measures based on � as
given in (5) with deutilities v.t/ and v0.t/ D v.t C t0/, such that v0.t/ > 0, t > 0, will differ only by a
constant.

To sum up, we consider non-decreasing, convex deutility function v W R 7! R such that

v.t/ D v
�
Œt �C

�
D

(
v.t/ > 0; t > 0;

0; t � 0:

We will refer to such a function as a one-sided deutility. Then, using the corresponding function � in
representation (2) one obtains a class of certainty equivalent measures of risk:

�.X/ D min
�

�C
1

1 � ˛
v�1Ev.X � �/

D min
�

�C
1

1 � ˛
v�1Ev

�
ŒX � ��C

�
:

(6)

Next we analyze the conditions under which formulation (6) yields a coherent or convex measure of risk.
Recall that we assume the space X to be such that certainty equivalent above is well-defined, particularly,
integrability condition is satisfied.

Proposition 2.7. If v is a one-sided deutility function, then �.X/ D 1
1�˛

v�1Ev.X/ is proper, l.s.c.,
satisfies the axiom of monotonicity and �.�/ > � for all � ¤ 0.

Proof. Clearly, such a � is proper and l.s.c. The monotonicity property of � defined by (5), �.X/ �
�.Y / for all X � Y , follows from both v and v�1 being non-decreasing. Finally, note that

�.�/ D
1

1 � ˛
v�1v.�/ D

1

1 � ˛
v�1v.Œ��C/

D
1

1 � ˛
sup

˚
t W v.t/ D v.Œ��C/

	
�

1

1 � ˛
Œ��C > �
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for all � ¤ 0.

From Proposition 2.7 we can conclude that in order for the conditions of Theorem 2.5 to be satisfied we
only need to guarantee convexity of the certainty equivalent (5) (note that axiom (A4) is satisfied if cer-
tainty equivalent itself is positive homogeneous). A sufficient condition of this type has been established
in Ben-Tal and Teboulle (2007).

Proposition 2.8 (Ben-Tal and Teboulle, 2007). If v 2 C3.R/ is strictly convex and
v0

v00
is convex, then

the certainty equivalent v�1Ev is also convex.

The following observation adapts this result to establish convexity of certainty equivalents in the case of
one-sided deutility functions.

Corollary 2.9. If v 2 C3Œ0;1/ is strictly convex and
v0

v00
is convex on Œ0;C1/, then certainty equivalent

v�1
C

Ev
C

is convex, where vC.t/ D v.Œt �C/.

Proof. Indeed, note that v�1
C

EvC.X/ D v�1C Ev.ŒX�C/ D v�1Ev.ŒX�C/, which is convex as a superpo-
sition of a convex (Proposition 2.8 for function v) and a non-decreasing convex functions.

Remark 2.7. Conditions of Proposition 2.8 are only sufficient, i.e., it is possible for a certainty equiv-
alent to be convex without satisfying these conditions (as is shown in Corollary 2.9). Moreover, these
conditions are rather restrictive. Thus, it is worth noting that if v is a one-sided deutility function such
that the corresponding certainty equivalent is convex, then the certainty equivalent measure � defined by
(6) is a convex (or coherent) measure of risk, regardless of whether Corollary 2.9 holds. At the same
time, this result can be useful, as it is demonstrated by Proposition 3.1.

Observe that if function � is taken in the form (5), where v is a one-sided deutility, the structure of
the resulting risk measure (6) allows for an intuitive interpretation, similar to that proposed by Ben-
Tal and Teboulle (2007). Consider, for instance, a resource allocation problem where X represents an
unknown in advance cost of resources necessary to cover future losses or damages. Assume that it
is possible to allocate amount � worth of resources in advance, whereby the remaining part of costs,
ŒX � ��C, will have to be covered after the actual realization of X is observed. To a decision maker with
deutility v, the uncertain cost remainder ŒX � ��C is equivalent to the deterministic amount of certainty
equivalent v�1Ev.ŒX � ��C/. Since this portion of resource allocation is “unplanned”, an additional
penalty is imposed. If this penalty is modeled using a multiplier 1

1�˛
, then the expected additional

cost of the resource is 1
1�˛

v�1Ev.ŒX � ��C/. Thus, the risk associated with the mission amounts to
�C .1�˛/�1v�1Ev.ŒX ���C/, and can be minimized over all possible values of �, leading to definition
(6). Moreover, when applied to the general definition (2), this argument provides an intuition behind
the condition �.�/ > � above. Indeed, the positive difference �.�/ � � can be seen as a penalty for an
unplanned loss.

We also note that certainty equivalent representation (6) for coherent or convex measures of risk is related
to the optimized certainty equivalents (OCEs) due to Ben-Tal and Teboulle (2007),

OCE.X/ D sup
�
�C Eu.X � �/: (7)
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While interpretations of formulas (6) and (7) are similar, and moreover, it can be shown that, under
certain conditions on the utility function, �.X/ D �OCE.X/ is a convex measure of risk, there are
important differences between these representations. In (7), the quantity being maximized is technically
not a certainty equivalent, while the authors have argued that specific conditions on the utility function
u allowed them to consider it as one. In addition, representation (7) entails addition of values with
generally inconsistent units, e.g., dollars and utility. Finally, as shown above, representation (6) allows
for constructing both coherent and convex measures of risk, while the OCE approach yields a coherent
risk measure if and only if the utility function is piecewise linear.

Remark 2.8. It is straightforward to observe that by choosing the one-sided deutility function in (6) in the
form v.t/ D Œt �C one obtains the well-known Conditional-Value-at-Risk (CVaR) measure (Rockafellar
and Uryasev, 2002), while one-sided deutility v.t/ D Œt �

p
C

yields the Higher-Moment Coherent Risk
(HMCR) measures (Krokhmal, 2007).

Remark 2.9. In general, risk measure � is called a tail measure of risk if it quantifies the risk of X
through its right tail, ŒX � c�C, where the tail cutoff point c can be adjusted according to risk preferences
(Krokhmal et al., 2011). Observe that the above analysis implies that coherent or convex risk measures
based on certainty equivalents (6) are necessarily tail measures of risk (see also Propositions 2.14 and
2.15 below).

Another key property of the certainty equivalent measures of risk (6) is that they “naturally” preserve
stochastic orderings induced on the space X of random outcomes by the utility function u or, equiva-
lently, deutility v. Assuming again that X is endowed with necessary integrability properties, consider
the properties of isotonicity with respect to second order stochastic dominance (SSD) (see, e.g., De
Giorgi, 2005; Pflug, 2006):

(A10) SSD isotonicity: �.X/ � �.Y / for all X; Y 2 X such that �X <SSD �Y ,

and, more generally, isotonicity with respect to k-th order stochastic dominance (kSD):

(A100) kSD isotonicity: �.X/ � �.Y / for all X; Y 2 X such that �X <kSD �Y ,
for a given k � 1.

Recall that random outcome X is said to dominate outcome Y with respect to second-order stochastic
dominance, X <SSD Y , if Z t

�1

FX .�/ d� �
Z t

�1

FY .�/ d� for all t 2 R;

where FZ.t/ D PfZ � tg is the c.d.f. of a random element Z 2 X . Similarly, outcome X dominates
outcome Y with respect to k-th order stochastic dominance, X <kSD Y , if

F
.k/
X .t/ � F

.k/
Y .t/; for all t 2 R;

where F .k/X .t/ D
R t
�1

F
.k�1/
X .�/d� and F .1/X .t/ D PfX � tg (see, for example, Ogryczak and

Ruszczyński, 2001). Stochastic dominance relations in general, and SSD in particular have occupied
a prominent place in decision making literature (see, for a example, Levy (1998) for an extensive ac-
count), in particular due to a direct connection to the expected utility theory. Namely, it is well known
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(Rothschild and Stiglitz, 1970) that X <SSD Y if and only if Eu.X/ � Eu.Y / for all non-decreasing and
concave utility functions u, i.e., if and only if Y is never preferred over X by any rational risk-averse
decision maker. In general, it can be shown that X <kSD Y if and only if Eu.X/ � Eu.Y / for all
u 2 U .k/, where U .k/ is a specific class of real-valued utility functions; particularly, U .1/ consists of all
non-decreasing functions, U .2/ contains all non-decreasing and concave functions, U .3/ amounts to all
non-decreasing, concave functions with convex derivative, and so on (see, for example, Fishburn (1977)
and references therein). This characterization of kSD dominance relation naturally implies that the pro-
posed certainty equivalent representation yields risk measures that are necessarily kSD-isotonic, given
that the set of considered deutility functions is appropriately restricted.

Proposition 2.10. If deutility function v is such that �v.�t / 2 U .k/, then risk measure � given by the
certainty equivalent representation (6) is kSD-isotonic, i.e., satisfies (A100).

Proof. Follows immediately from the definitions of kSD dominance, kSD isotonicity, and the above
discussion.

Corollary 2.11. If a real-valued function v is a one-sided deutility, then (6) defines a risk measure that
is isotonic with respect to second order stochastic dominance.

Note that Proposition 2.10 does not require the certainty equivalent in (6) to be convex. In this context, the
certainty equivalent representation (6) ensures that the risk-averse preferences expressed by a given utility
(equivalently, deutility) function are “transparently” inherited by the corresponding certainty equivalent
measure of risk.

2.4 Optimality Conditions and Some Properties of Optimal �

Consider the definition of Conditional Value-at-Risk,

CVaR˛.X/ D min
�
�C

1

1 � ˛
EŒX � ��C:

The lowest value of � that delivers minimum in this definition is know in the literature as Value-at-Risk
(VaR) at confidence level ˛, and while VaR in general is not convex, it is widely used as a measure of
risk in practice, especially in financial applications (Jorion, 1997; Duffie and Pan, 1997). Thus, it is of
interest to investigate some properties of ��.X/ 2 arg min

˚
�C 1

1�˛
v�1Ev.X ��/

	
: First, we formulate

the necessary and sufficient optimality conditions.

Proposition 2.12. Suppose that v is a non-decreasing and convex function, certainty equivalent v�1Ev
is convex and E@

˙
v.X � ��/ is well defined, then �� 2 arg min

˚
�C 1

1�˛
v�1Ev.X � �/

	
if and only if

@�v
�1
�
Ev.X � ��/

�
� E@�v.X � �

�/

� 1 � ˛ � @Cv
�1
�
Ev.X � ��/

�
� E@Cv.X � �

�/;

where @
˙
v denote one-sided derivatives of v with respect to the argument.

Proof. Let us denote �X .�/ D �C 1
1�˛

v�1Ev.X � �/. Since certainty equivalent v�1Ev is convex, �X
is also convex, and thus, it has left and right derivatives everywhere on dom�X ¤ ;, and � delivers a
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minimum to �X if and only if @��X .�/ � 0 � @
C
�X .�/: In what follows, we determine closed form

expressions for left and right derivatives of �X . By definition, if � 2 dom�X then

@C�X .�/ D lim
"#0

�X .�C "/ � �X .�/

"

D 1C
1

1 � ˛
lim
"#0

v�1Ev.X � � � "/ � v�1Ev.X � �/
"

:

Repeating a usual argument used to prove the chain rule of differentiation (see, e.g., Randolph, 1952),
we can define

Q.y/ D

8̂<̂
:
v�1.y/ � v�1Ev.X � �/

y � Ev.X � �/
; y < Ev.X � �/;

@�v
�1
�
Ev.X � �/

�
; otherwise;

in which case

@C�X .�/ D 1C
1

1 � ˛
lim
"#0

�
Q
�
Ev.X � � � "/

�Ev.X � � � "/ � Ev.X � �/
"

�
:

Clearly, lim"#0Q
�
Ev.X � � � "/

�
D @�v

�1
�
Ev.X � �/

�
by monotone convergence theorem, and the

only part left to find is

lim
"#0

Ev.X � � � "/ � Ev.X � �/
"

D � lim
"#0

Ev.X � �/ � Ev.X � � � "/
"

:

Observe that lim
"#0

v.x � �/ � v.x � � � "/

"
D @�v.x � �/ for any fixed x 2 R (note that @�v.x � �/

exists since v is convex). Moreover,

v.x � �/ � v.x � � � "/

"
% @�v.x � �/ as "& 0;

where % denotes monotonic convergence from below (Rockafellar, 1997, Theorem 23.1). Thus, by
monotone convergence theorem, we can interchange the limit and expectation:

lim
"#0

Ev.X � �/ � Ev.X � � � "/
"

D E lim
"#0

v.X � �/ � v.X � � � "/

"

D E@�v.X � �/;

i.e., @
C
�X .�/ D 1�

1
1�˛

@�v
�1
�
Ev.X��/

�
�E@�v.X��/: Similar arguments can be invoked to evaluate

@��X .�/ in order to complete the proof.

Corollary 2.13. Condition

.v�1/0.Ev.X � �//Ev0.X � �/ D 1 � ˛

is sufficient for � to deliver the minimum in (5), given that .v�1/0 and v0 are well-defined.

Conditions established above show that for a fixed X , the location of ��.X/ is determined by the param-
eter ˛. Two propositions below illustrate this observation.
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Proposition 2.14. Given an X 2 dom � for all ˛ 2 .0; 1/, if ��˛.X/ 2 arg min �C 1
1�˛

v�1Ev.X � �/,
where v is a one-sided deutility function, and certainty equivalent v�1Ev exists for anyX , and is convex,
then ��˛1

.X/ � ��˛2
.X/ for any ˛1 < ˛2.

Proof. Below we will use ��˛.X/ and ��˛ interchangeably in order to simplify the notation. Let ˛1 < ˛2.
Since v is a one-sided deutility, then v.X � �/ D v.ŒX � ��C/, and by the definition of ��˛.X/,

��˛1
C

1

1 � ˛1
v�1Ev

�
ŒX � ��˛1

�C
�
� ��˛2

C
1

1 � ˛1
v�1Ev

�
ŒX � ��˛2

�C
�
:

Suppose that ��˛1
> ��˛2

, then one has

0 < ��˛1
� ��˛2

�
1

1 � ˛1

�
v�1Ev

�
ŒX � ��˛2

�C
�
� v�1Ev

�
ŒX � ��˛1

�C
��

<
1

1 � ˛2

�
v�1Ev

�
ŒX � ��˛2

�C
�
� v�1Ev.ŒX � ��˛1

�C/
�
:

This immediately leads to

��˛1
C

1

1 � ˛2
v�1Ev

�
ŒX � ��˛1

�C
�
< ��˛2

C
1

1 � ˛2
v�1Ev

�
ŒX � ��˛2

�C
�
;

which contradicts with the definition of ��˛2
, thus furnishing the statement of the proposition.

Proposition 2.15. Given an X 2 dom � for all ˛ 2 .0; 1/, if ��˛.X/ 2 arg min �C 1
1�˛

v�1Ev.X � �/,
where v is a one-sided deutility function, and certainty equivalent v�1Ev exists for any X and is convex,
then

lim
˛!1

��˛.X/ D ess:sup.X/:

Proof. Again, let us consider function �X .�/ D � C 1
1�˛

v�1Ev.X � �/, and since v is a one-sided
deutility, �X .�/ D �C 1

1�˛
v�1

R
X�� v.X � �/dP. Suppose that ess:sup.X/ D A < C1, consequently

P.X � A � "/ > 0 for any " > 0. Note that �X .A/ D A. Now,

�X .A � "/ D A � "C
1

1 � ˛
v�1

Z
X�A�"

v.X � AC "/dP

� A � "C
1

1 � ˛
v�1

Z
X�A� "

2

v.X � AC "/dP

� A � "C
1

1 � ˛
v�1

�
v
�"
2

�
P
�
X � A �

"

2

��
D A � "C

1

1 � ˛
M";

where M" D v�1
�
v
�
"
2

�
P
�
X � A � "

2

��
> 0. Hence, �X .A � "/ > �X .A/ for any sufficiently large

values of ˛, which means that in this case any ��˛.X/ 2 arg min � C 1
1�˛

v�1Ev.X � �/ has to satisfy
��˛.X/ 2 .A � "; A�, and thus lim˛!1 ��˛.X/ D A D ess:sup.X/.

Now, let ess:sup.X/ D C1. Note that
R
X�� v.X � �/dP is a non-increasing function of �. Let A 2 R

and �X .A/ D AC 1
1�˛

v�1
R
X�A v.X � A/dP. Since ess:sup.X/ D C1, there exists QA > A such that

0 <
R
X� QA

v.X� QA/dP <
R
X�A v.X�A/dP. Thus, �X . QA/ D QAC 1

1�˛
v�1

R
X� QA

v.X� QA/dP < �X .A/
for any sufficiently large ˛, which yields ��˛.X/ > A. Since the value of A has been selected arbitrarily,
lim˛!1 ��˛.X/ D C1 D ess:sup.X/.
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3 Application: Log-Exponential Convex Measures of Risk

As it was already mentioned above, CVaR and HMCR measures can be defined in terms of the proposed
certainty equivalent-based representation (6). Note that both cases correspond to positively homogeneous
functions �, and, therefore, are coherent measures of risk. Next we consider a convex measure of risk
resulting from the certainty equivalent representation (6) with an exponential one-sided deutility function
v.t/ D �1C �Œt�C :

�.�/˛ .X/ D min
�

�C
1

1 � ˛
log� E�ŒX���C ; where � > 1 and ˛ 2 .0; 1/: (8)

We refer to such �.�/˛ as the family of log-exponential convex risk (LogExpCR) measures. First, using the
general framework developed above, it can be readily seen that LogExpCR family are convex measures
of risk.

Proposition 3.1. Functions �.�/˛ .X/ defined by (8) are proper convex measures of risk.

Proof. Follows immediately from Theorem 2.5, Proposition 2.7, and Corollary 2.9.

A particular member of the family of LogExpCR measures is determined by the values of two parameters,
˛ and �. Recall that in Section 2.4 we have established that parameter ˛ plays a key role in determining
the position of ��˛.X/ 2 arg min �C 1

1�˛
v�1Ev.X��/, particularly, ˛1 < ˛2 leads to ��˛1

.X/ � ��˛2
.X/,

and lim˛!1 ��˛.X/ D ess:sup.X/. These two properties allow us to conclude that ˛ determines the
“length” of the tail of distribution of X , or, in other words, determines which part of the distribution
should be considered “risky”. This is in accordance with a similar property of the CVaR measure, which,
in the case of a continuous loss distribution, quantifies the risk as the expected loss in the worst 1 � ˛
percent of the cases. See Krokhmal (2007) for a similar argument for HMCR measures.

Furthermore, one has

�.�/˛ .X/ Dmin
�
�C

1

1 � ˛
log� E�ŒX���C D min

�
�C

1

1 � ˛

1

ln�
ln Eeln�ŒX���C

D
1

ln�
min
�
� ln�C

1

1 � ˛
EeŒX ln��� ln��C D

1

ln�
min
�0
�0 C

1

1 � ˛
EeŒX ln���0�C D

1

ln�
�.e/˛ .X ln�/:

This implies that LogExpCR measures satisfy a “quasi positive homogeneity” property:

�.�/˛ .X/ ln� D �.e/˛ .X ln�/;

where parameter ln� plays the role of a scaling factor. Thus, in the case of log-exponential convex
measures of risk (8), scaling can be seen as a way to designate the total range of the loss variable.
Consequently, a combination of the parameters ˛ and � determines both the region of the loss distribution
that should be considered “risky”, and the emphasis that should be put on the larger losses. Note that the
specific values of these parameters depend on the decision maker’s preferences and attitude towards risk.
In practice, they may be determined and/or calibrated through preliminary computational experiments.

It is of interest to note that LogExpCR measures are isotonic with respect to any order k � 1 of stochastic
dominance:

13



Proposition 3.2. The family of log-exponential convex measures of risk (8) are kSD-isotonic for any
k � 1, i.e., �.�/˛ .X/ � �

.�/
˛ .Y / for all X; Y 2 X such that �X <kSD �Y .

Proof. Follows immediately from Proposition 2.10 for v defined above.

Based on these observations and the preceding discussion, we can conclude that the introduced family
of LogExpCR measures possesses a number of desirable properties from both optimization and method-
ological perspectives. It is widely acknowledged in the literature that risk is associated with “heavy”
tails of the loss distribution; for example, in Krokhmal (2007) it has been illustrated that evaluating risk
exposure in terms of higher tail moments can lead to improved decision making in financial applications
with heavy-tailed distributions of asset returns. Furthermore, there are many real-life applications where
risk exposure is associated with catastrophic events of very low probability and extreme magnitude, such
as natural disasters, which often turn out to be challenging for traditional analytic tools (see, for exam-
ple, Kousky and Cooke, 2009; Cooke and Nieboer, 2011 and references therein, Iaquinta et al., 2009, or
Kreinovich et al., 2012). By construction, LogExpCR measures quantify risk by putting extra emphasis
on the tail of the distribution, which allows us to hypothesize that they could perform favorably compared
to conventional approaches in situations that involve heavy-tailed distributions of losses and catastrophic
risks. This conjecture has been tested in two numerical case studies that are presented next. The idea
is to evaluate the quality of solutions based on the risk estimates due to nonlinear LogExpCR measure
with those obtained using linear CVaR measure, which can now be considered as a standard approach in
risk-averse applications. Particularly, we were interested in assessing the influence that the behavior of
the tails of the underlying losses distributions has in this comparison.

3.1 Case Study 1: Flood Insurance Claims Model

Dataset description For the first part of the case study we used a dataset managed by a non-profit
research organization Resources for the Future (Cooke and Nieboer, 2011). It contains flood insurance
claims, filed through National Flood Insurance Program (NFIP), aggregated by county and year for the
State of Florida from 1980 to 2006. The data is in 2000 US dollars divided by personal income estimates
per county per year from the Bureau of Economic Accounts (BEA), in order take into account substantial
growth in exposure to flood risk. The dataset has 67 counties, and spans for 355 months.

Model formulation Let random vector ` represent the dollar values of insurance claims (individual
elements of this vector correspond to individual counties), and consider the following stochastic pro-
gramming problem, where � is a risk measure:

min �.`>x/ (9a)

s. t.
X
i

xi D K (9b)

xi 2 f0; 1g: (9c)

Such a formulation allows for a straightforward interpretation, namely, the goal here is to identify K
counties with a minimal common insurance risk due to flood as estimated by �. Clearly, such a simplified
model does not reflect the complexities of real-life insurance operations. At the same time, since the
purpose of this case study is to analyze the properties of risk measures themselves, a deliberately simple
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formulation was chosen so as to highlight the differences between solutions of (9) due to different choices
of the risk measure � in (9a).

Given that the distribution of ` is represented by equiprobable scenario realizations `i;j , and m is the
number of scenarios (time periods), model (9) with risk measure chosen as the Conditional Value-at-Risk,
�.X/ D CVaR˛.X/, can be expressed as

min �C
1

1 � ˛CVaR

X
j

1

m

hX
i

xi`i;j � �
i
C

(10a)

s. t.
X
i

xi D K (10b)

xi 2 f0; 1g: (10c)

Similarly, if a LogExpCR measure is used, �.X/ D �.e/˛ .X/, then (9) can be formulated as

min �C
1

1 � ˛LogExpCR
log

X
j

1

m
eŒ
P

i xi`i;j���C (11a)

s. t.
X
i

xi D K (11b)

xi 2 f0; 1g: (11c)

Normal data In order to evaluate the effect of the tail behavior of the loss distribution on the obtained
solutions of decision making problems, we additionally generated a similar dataset based on normal
distribution. Particularly, we draw 355 realizations from 67-dimensional normal distribution with mean
� and covariance matrix†, where� and† are mean and covariance estimates of NFIP data respectively.
Our goal here is to make sure that the main difference between the datasets lays in the tails (normal
distribution is a well-known example of a light-tailed distribution), and by preserving mean vector and
covariance matrix we secure that this dataset captures the leading trends present in the original data. Now,
by comparing the decisions due to CVaR and LogExpCR measures for these two datasets we can make
conclusions on the effects that the tails of the distributions have on the quality of subsequent decisions.

Implementation details Problems (10) and (11) represent a mixed-integer linear programming (MIP)
and a mixed-integer non-linear programming (MINLP) problems respectively. MIP problems were
solved using IBM ILOG CPLEX 12.5 solver accessed through C++ API. For the MINLPs of the form
(11) we implemented a custom branch-and-bound algorithm based on outer polyhedral approximation
approach, which utilized CPLEX 12.5 MIP solver and MOSEK 6.0 for NLP subproblems (Vinel and
Krokhmal, 2014).

In order to evaluate the quality of the decisions we employed a usual training-testing framework. Given a
preselected valuem, the firstm scenarios were used to solve problems (10) and (11), then for the remain-
ing N � m scenarios the total loss was calculated as L� D

PN
jDmC1

P
i `i;jx

�
i , where x� represents

an optimal solution of either problem (10) or problem (11), and N is the total number of scenarios in
the dataset. In other words, the decision vector x� is selected based on the first m observations of the
historical data (training), and the quality of this solution is estimated based on the “future” realizations
(testing).
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In this case study we have set ˛CVaR D 0:9, which is a typical choice in portfolio optimization and can
be interpreted as cutting off 90% of the least significant losses. A preliminary test experiment has been
performed to select ˛LogExpCR in such a way that approximately same portion of the distribution was cut
off, which yielded ˛LogExpCR D 0:5. For the sake of simplicity, we set � D e.

Discussion of results Tables 1 and 2 summarize the obtained results for NFIP and simulated normal
data sets, respectively. Discrepancy in the quality of the decisions based on LogExpCR and CVaR
measures is estimated using the value

 D
LLogExpCR � LCVaR

min
˚
LLogExpCR; LCVaR

	 ;
which represents the relative difference in total lossesLLogExpCR andLCVaR associated with the respective
decisions. For example,  D �100% corresponds to the case when losses due to CVaR-based decision
were twice as large as losses due to LogExpCR-based decision.

First of all, we can observe that there is a definite variation between the results obtained with NFIP
data on one hand and with simulated normal data on the other. Particularly, the absolute values of  in
Table 2 on average are considerably smaller compared to those in Table 1, which indicates that in the
case of normal data the risk measures under consideration result in similar decisions, while heavy-tailed
historical data leads to much more differentiated decisions.

Secondly, Table 1 suggests that LogExpCR measure yields considerably better solutions for certain sets
of parameter values. Most notably, such instances correspond to smaller values of both K and m. Intu-
itively, this can be explained as follows. Recall that m is the number of scenarios in the training set, and
N �m is the number of scenarios in the testing set, which means that larger values of m correspond to
shorter testing horizon. Clearly, the fewer scenarios there are in the testing set, the fewer catastrophic
losses occur during this period, and vice versa, for smaller values ofm there are more exceptionally high
losses in the future. Thus, the observed behavior of  is in accordance with our conjecture that LogEx-
pCR measures are better suited for instances with heavy-tailed loss distributions. Parameter K, in turn,
corresponds to the number of counties to be selected, thus, the larger its value is, the more opportunities
for diversification are available for the decision-maker, which, in turn, allows for risk reduction.

To sum up, the results of this case study suggest that under certain conditions, such as heavy-tailed
loss distribution, relatively poor diversification opportunities, and sufficiently large testing horizon, risk-
averse decision strategies based on the introduced log-exponential convex measures of risk can substan-
tially outperform strategies based on linear risk measures, such as the Conditional Value-at-Risk.

3.2 Case Study 2: Portfolio Optimization

As heavy-tailed loss distributions are often found in financial data, we conducted numerical experiments
with historical stock market data as the second part of the case study.

Model description As the underlying decision making model we use the traditional risk-reward port-
folio optimization framework introduced by Markowitz (1952). In this setting, the cost/loss outcome X
is usually defined as the portfolio’s negative rate of return, X.x; !/ D �r.!/>x, where x stands for the
vector of portfolio weights, and r D r.!/ is the uncertain vector of assets’ returns. Then, a portfolio
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allocation problem can be formulated as the problem of minimizing some measure of risk associated
with the portfolio while maintaining a prescribed expected return:

min
x2Rn
C

n
�.�r>x/

ˇ̌̌
E.r>x/ � Nr; 1>x � 1

o
; (12)

where Nr is the prescribed level of expected return, x 2 Rn
C

denotes the no-short-selling requirement, and
1 D .1; : : : ; 1/>. If the risk measure used is convex, it is easy to see that (12) is a convex optimization
problem. In this case study, we again select � in (12) as either a LogExpCR or CVaR measure.

Dataset description We utilized historical stock market data available through Yahoo!Finance. We
picked 2178 listings traded at NYSE from March, 2000 through December, 2012 (total of 3223 trading
days). As it was noted above, financial data often exhibit highly volatile behavior, especially higher-
frequency data, while long-term data is usually relatively normal. In order to account for such differences,
we generated three types of datasets of loss distribution, which were based on two-day, two-week and
one-month historical returns. Particularly, if pi;j is the historical close price of asset i on day j , then we
define the corresponding two-day, ten-day, and one-month returns as ri;j D

pi;j�pi;j��

pi;j��
, where � takes

values � D 2, 10, and 20, respectively.

Implementation details We utilize a training-testing framework similar to the one used in the previous
section, but additionally, we also employ “rolling horizon” approach, which aims to simulate a real-life
self-financing trading strategy. For a given time moment, we generate a scenario set containing, respec-
tively, m two-day, ten-day, and one-month returns immediately preceding this date. Then, the portfolio
optimization problem (12) is solved for each type of scenario set in order to obtain the corresponding
optimal portfolios; the “realized” portfolio return over the next two-day, ten-day, or one-month time pe-
riod, respectively, is then observed. The portfolio is then rebalanced using the described procedure. This
rolling-horizon procedure was ran for 800 days, or about 3 years.

Recall that parameter Nr in (12) represents the “target return”, i.e., the minimal average return of the
portfolio. For our purposes parameter Nr was selected as Nr D � maxifE!ri .!/g, i.e., as a certain per-
centage of the maximum expected return previously observed in the market (within the timespan of the
current scenario set). Parameter � has been set to be “low”, “moderate”, or “high”, which corresponds
to � D 0:1; 0:5; 0:8. For each pair of n and m we repeat the experiment 20 times, selecting n stocks
randomly each time. The parameters ˛LogExpCR, ˛CVaR, and � have been assigned the same values as in
Case Study 1.

Discussion of results Obtained results are summarized in Table 3, and a typical behavior of the port-
folio value over time is presented in Figure 1. As in the previous case, we report relative difference in
the return over appropriate time period (2-day, 2-week, or 1-month) averaged over the testing horizon of
800 days and over 20 random choices of n assets. Note that since in this case the quality of the decision
is estimated in terms of rate of return, i.e., gain, positive values in Table 3 correspond to the cases when
the LogExpCR-based portfolio outperforms the CVaR-based portfolio.

Similarly to the previous case, we can observe that the behavior of the tails of the distribution plays a key
role in the comparison: under 1-month trading frequency the differences between CVaR and LogExpCR
portfolios are relatively insignificant, compared to the 2-day case. Moreover, we can again conclude that
for heavy-tailed loss distributions the introduced LogExpCR measure may compare favorably against
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CVaR; in particular, conditions of restricted diversification options (relatively small value of n) make
utilization of LogExpCR measures more beneficial compared to a linear measure such as CVaR.

4 Concluding Remarks

In this paper we introduced a general representation of the classes of convex and coherent risk measures
by showing that any convex (coherent) measure can be defined as an infimal convolution of the form
�.X/ D min� �C �.X � �/; where � is monotone, convex, and �.�/ > � for all � ¤ 0, �.0/ D 0 (and
positive homogeneous for coherence), and vice versa, constructed in such a way function � is convex
(coherent). Another way to look at this result is to observe that a monotone and convex � only lacks
translation invariance in order to satisfy the definition of a convex risk measure, and infimal convolution
operator essentially forges this additional property, while preserving monotonicity and convexity. Ac-
cording to this scheme, a risk measure is represented as a solution of an optimization problem, hence it
can be readily embedded in a stochastic programming model.

Secondly, we apply the developed representation to construct risk measures as infimal convolutions of
certainty equivalents, which allows for a direct incorporation of risk preferences as given by the utility
theory of von Neumann and Morgenstern (1944) into a convex or coherent measure of risk. This is highly
desirable since, in general, the risk preferences induced by convex or coherent measures of risk are incon-
sistent with risk preferences of rational expected-utility maximizers. It is also shown that the certainty
equivalent-based measures of risk are “naturally” consistent with stochastic dominance orderings.

Finally, we employ the proposed scheme to introduce a new family of risk measures, which we call
the family of log-exponential convex risk measures. By construction, LogExpCR measures quantify
risk by placing emphasis on extreme or catastrophic losses; also, the LogExpCR measures have been
shown to be isotonic (consistent) with respect to stochastic dominance of arbitrary order. The results
of the conducted case study show that in highly risky environments characterized by heavy-tailed loss
distribution and limited diversification opportunities, utilization of the proposed LogExpCR measures
can lead to improved results comparing to the standard approaches, such as those based on the well-
known Conditional Value-at-Risk measure.
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Table 1: Relative difference (in %) in total loss  D LLogExpCR�LCVaR

minfLLogExpCR;LCVaRg
for NFIP data for various values of the

parameters K and m. Entries in bold correspond to the instances for which LogExpCR measure outperformed
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Table 2: Relative difference (in %) in total loss  D LLogExpCR�LCVaR

minfLLogExpCR;LCVaRg
for normal data for various values of the

parameters K and m. Entries in bold correspond to the instances for which LogExpCR measure outperformed
CVaR.

Knm 20 60 100 140 180 220 260 300

1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
5 0.0 2.2 –107.1 0.0 0.0 –17.6 22.8 –58.1
7 0.0 14.0 0.0 85.3 28.8 84.8 86.4 21.9
9 0.0 14.2 27.2 11.0 2.9 0.0 0.0 0.0
11 17.2 12.9 0.0 34.8 33.9 66.8 36.0 –50.4
13 19.2 16.6 –3.3 –11.1 2.6 18.0 –12.3 0.0
15 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
17 0.0 –3.4 34.0 0.0 0.0 312.1 0.0 –355.0
19 43.0 –8.2 8.9 52.3 76.7 –65.9 –20.3 0.0
21 0.0 4.3 21.5 –45.4 506.1 –123.1 –119.2 1.9
23 27.3 –32.1 48.8 75.2 242.3 –63.1 3.0 –112.1
25 –317.3 –8.0 16.9 74.7 151.1 –71.3 –129.0 –64.7
27 9.7 –34.1 31.1 –50.8 96.3 154.3 163.8 –16.8
29 7.4 13.7 19.4 78.4 44.6 272.6 –15.3 –31.4
31 1.8 10.3 5.3 6.4 52.6 234.0 44.8 –5.5
33 10.5 –14.7 –15.2 –31.2 –32.8 11.5 –15.0 10.1
35 9.1 6.0 0.0 0.0 36.8 36.9 437.2 0.0
37 5.1 –1.0 0.0 18.0 39.1 20.8 119.3 0.0
39 0.0 –0.8 –1.4 10.3 13.2 –14.6 –109.7 73.6
41 19.8 18.3 0.0 24.7 22.1 0.0 44.0 762.8
43 7.6 8.7 6.4 0.0 –6.1 0.0 0.0 0.0
45 6.9 5.9 11.4 7.9 6.1 16.9 –20.6 –99.3
47 0.0 1.1 16.6 4.0 13.0 0.0 21.5 46.7
49 –2.8 22.5 17.7 –7.5 –11.2 –2.3 0.0 –294.8
51 0.0 5.1 17.8 5.0 10.4 –28.4 –0.1 –47.4
53 –1.1 0.0 –6.7 –0.5 25.4 0.0 0.0 –39.7
55 6.8 0.0 17.5 18.3 0.0 –9.3 37.8 –87.4
57 1.3 0.0 0.0 –14.5 –21.8 0.0 0.0 0.0
59 6.3 0.0 0.0 0.0 0.0 0.0 0.0 –10.0
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Table 3: Relative difference (in %) in average portfolio return due to LogExpCR measure and CVaR. Parameter
n represents the total number of assets on the market, m is the number of time intervals in the training horizon,
� defines the prescribed expected rate of return as the percentage of the maximum expected return previously
observed in the market. Labels “2-day”, “2-week”, and “1-month” correspond to portfolio rebalancing periods.

n m � 2-day 2-week 1-month

20 2000 0.1 57.3 29.5 8.3
0.5 138.3 1.1 –12.9
0.8 5.9 –24.1 –7.4

200 2000 0.1 –17.9 –14.6 –2.2
0.5 11.1 –21.1 5.4
0.8 17.6 –13.5 –2.2

Figure 1: Typical behavior of portfolio value, as a multiple of the initial investment (1.0), over time.
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