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Abstract

We discuss two families of valid inequalities for linear mixed integer programming problems with cone
constraints of arbitrary order, which arise in the context of stochastic optimization with downside risk
measures. In particular, we extend the results of Atamtürk and Narayanan (Math. Program., 2010, 2011),
who developed mixed integer rounding cuts and lifted cuts for mixed integer programming problems with
second order cone constraints. Numerical experiments conducted on randomly generated problems and
portfolio optimization problems with historical data demonstrate the effectiveness of the proposed methods.
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1 Introduction
In this work we consider mixed integer programming problems with linear objective and p-order cone con-
straints, which represent an extension of mixed integer second order cone programming (MISOCP) problems
and subsequently are referred to as mixed integer p-order cone programmig (MIpOCP) problems. Specifi-
cally, we focus on a class of MIpOCP instances that arise in stochastic optimization problems with risk-based
objective functions or constraints.

There exists a substantial literature on solution approaches for mixed integer conic programming prob-
lems. In many cases, the proposed methods attempt to extend some of the techniques developed for mixed
integer linear programming. One of such research directions concerns construction of branch-and-bound
schemes based on outer polyhedral approximations of cones. This potentially allows for computational sav-
ings in traversing the branch-and-bound tree due to the “warm start” capabilities of linear programming
solvers. In particular, Vielma et al. [21] proposed a branch-and-bound method for MISOCP that em-
ployed lifted polyhedral approximations of second order cones due to Ben-Tal and Nemirovski [5]. Vinel
and Krokhmal [22] discuss further development of this approach in the case of MIpOCP. Drewes [10] pre-
sented subgradient-based linear outer approximations for the second order cone constraints in mixed inte-
ger programs. With respect to mixed integer nonlinear programming, a similar idea has been exploited by
Bonami et al. [6] and Tawarmalani and Sahinidis [20].

Two approaches to generation of valid inequalities for MISOCP problems have been proposed by
Atamtürk and Narayanan [2, 3]. In the first paper the authors introduced a reformulation of a second or-
der cone constraint using a set of two-dimensional second order cones and then derived valid inequalities for
the resulting mixed integer sets. The obtained cuts were termed by the authors conic mixed integer round-
ing cuts. In [3], a general lifting procedure for deriving nonlinear conic valid inequalities was proposed and
applied to 0-1 MISOCP problems.

In a recent work of Belotti et al. [4], disjunctive conic cuts for MISOCP problems are introduced. For the
case of general convex sets, the authors are able to describe the convex hull of the intersection of a convex
set and a linear disjunction. And in the particular case of the feasible set of the continuous relaxation of a
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MISOCP problem they derive a closed-form expression for such a convex hull, thus obtaining a new nonlinear
conic cut.

Among other approaches to solving mixed integer cone programming problems one can mention the split
closure of a strictly convex body [9], lift-and-project algorithm [19], Chvátal-Gomory and disjunctive cuts
for 0-1 conic programming [8].

It is worth noting that the vast majority of the existing literature on mixed integer cone programming prob-
lems addresses the case of self-dual cones, and particularly second order cones, with relatively little attention
paid to problems involving cones that are not self-dual, as in the case of MIpOCP with p 2�1; 2Œ[�2;1Œ.
In this work, we consider derivation of valid inequalities for mixed integer problems with p-order cone con-
straints following the techniques [2, 3] proposed for MISOCP. We derive closed form expressions for two
families of valid inequalities for MIpOCP problems: mixed integer rounding conic cuts and lifted conic cuts.
We also propose to use outer polyhedral approximations as a practical way of employing nonlinear lifted cuts
within branch-and-cut framework. With such an approach, we are able to obtain promising computational
results on a number of portfolio optimization problems with real-life data.

The paper is organized as follows. In Section 2 we present mixed integer rounding cuts for p-cone
constrained mixed integer sets. Section 3 discusses (nonlinear) lifted cuts for 0-1 and mixed integer p-order
cone programming problems. Computational studies of the developed techniques on randomly generated
MIpOCP problems as well as portfolio optimization problems with real-life data are discussed in Section 4,
followed by concluding remarks in Section 5.

2 Conic Mixed Integer Rounding Cuts for p-Order Cones
In this section we present a class of mixed integer rounding cuts for MIpOCP problems arising in the context
of risk-averse stochastic optimization. A mixed integer p-order cone programming problem has the form

min c>x xC c>y y

s. t. DxxC Dyy � d

kAj xCGj y � bj kpj � e>j xC f>j y � hj ; j D 1; : : : ; k

x 2 ZnC; y 2 RqC;

(1)

where pj 2 .1;1/, and k � kp is the usual p-norm in the Euclidean space of an appropriate dimension:
krkp D .jr1jp C : : :C jrN jp/1=p .

MIpOCP problems (1) can be obtained from stochastic programming models that involve specific families
of risk measures in objectives or constraints. Namely, given a probability space .�;F ; �/, let the cost or loss
function Y be an element of the linear space Lp.�;F ; �/ of F-measurable functions Y W � 7! R, where
p � 1. Then, the higher-moment coherent risk measures HMCRp;˛.Y / are defined as the optimal values of
the following convex stochastic optimization problem [12]

HMCRp;˛.Y / D min
�2R

�C .1 � ˛/�1
ŒY � ��Cp; ˛ 2 .0; 1/; p � 1; (2)

where ŒY �C D maxf0; Y g and kY kp D .EjY jp/1=p . A related family of semi-moment coherent risk mea-
sures, or risk measures of semi-Lp type [11], is given as

SMCRp;ˇ .Y / D EY C ˇ
ŒY � EY �C


p
; ˇ 2 Œ0; 1�; p � 1: (3)

In the case when the set � is finite, � D f!1; : : : ; !mg, and the cost function Y D Y.u; !/ is a piecewise
linear convex function of the decision vector u, terms with HMCR or SMCR measures in the objective
function and/or constraints can be implemented via linear inequalities involving Y.u; !i / and p-order cone
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constraints t � k.w1; : : : ; wm/kp; thus leading to MIpOCP problem of the form

min c>x xC c>y y

s. t. DxxC Dyy � d

kŒAj xCGj y � bj �Ckpj � e>j xC f>j y � hj ; j D 1; : : : ; k

x 2 ZnC; y 2 RqC;

(4)

Formulation (4) differs from (1) by the presence of operator Œ � �C, which explicitly accounts for the problem
structure induced by downside risk measures such as (2)–(3). For simplicity, we consider the case of a single
p-cone constraint in (4), k D 1. Following the approach of [2] for constructing mixed integer rounding cuts
for problems of type (1) with p D 2, we rewrite the p-cone constraint in (4) as

t0 � e>xC f>y � h

ti � Œa>i xC g>i y � bi �C; i D 1; : : : ; m

t0 � k.t1; : : : ; tm/kp;

where ai and gi denote the i -th rows of matrices A and G, respectively. Then, the task of deriving valid
inequalities for the original p-cone mixed integer set in (4) can be reduced to obtaining valid inequalities for
the polyhedral mixed integer set

T D
˚
x 2 ZnC; y 2 RpC; t 2 R W Œa>xC g>y � b�C � t

	
;

or, without loss of generality, the set

eT D ˚.yC; y�; t; x/ 2 R3C � ZnC W Œa
>xC yC � y� � b�C � t

	
: (5)

The following two propositions provide an expression for a family of such inequalities.

Proposition 1 For ˛ ¤ 0, the inequality

nX
jD1

�fj˛j

�
aj

j˛j

�
xj � �fj˛j

�
b

j˛j

�
�
t C y�

j˛j
; (6)

where f˛ D b
j˛j
�

j
b
j˛j

k
and

�f .a/ D

�
.1 � f /n; n � a < nC f

.1 � f /nC .a � n/ � f; nC f � a < nC 1

is valid for eT .

Proposition 2 Inequalities (6) with ˛ D aj , j D 1; : : : ; n, are sufficient to cut off all fractional extreme
points of the relaxation of eT .

Proofs of Propositions 1 and 2 are furnished in the Appendix. It is worth noting, however, that since (5)
is a polyhedral mixed integer set, the derived valid inequalities can also be obtained using the general theory
of mixed integer rounding (MIR) inequalities; see, for example, [15]. An advantage of the direct derivation
is that it provides a natural way of dealing with continuous variables yC; y�; t . Propositions 1 and 2 justify
the usage of inequalities of type (6) as cuts in a branch-and-cut procedure; following [2], we refer to these
inequalities as conic MIR cuts. The results of numerical experiments on utilization of conic MIR cuts (6) in
MIpOCP problems are presented in Section 4.

3



3 Lifted Conic Cuts for p-Order Cones

3.1 General Framework
Lifting for conic mixed integer programming was studied in [3], where a general approach for construct-
ing valid nonlinear conic inequalities for mixed inter conic programming problems was proposed. Namely,
consider a general mixed integer conic set

Sn.b/ D
�
.x0; : : : ; xn/ 2 X0 � � � � �Xn W b �

nX
iD0

Aixi 2 C
�
; (7)

where Ai 2 Rm�ni , b 2 Rm, C is a proper cone (a closed, convex, pointed cone with a nonempty interior),
and each X i � Rni is a mixed integer set. Similarly, S0.b/; : : : ; Sn�1.b/ are restrictions of the set Sn.b/.
Further, it is assumed that the following conic inequality

h � F0x0 2 K;

where K is a proper cone, is known to be valid for the restriction S0.b/. The approach proposed in [3] is to
iteratively find a sequence F1; : : : ;Fn, such that

h �
iX

jD0

Fj xj 2 K (8)

is valid for the respective restriction S i .b/ for all i . Such a procedure is called lifting and the resulting
inequality that is valid for the initial mixed integer set Sn.b/ is called lifted inequality. In order to determine
the values of F1; : : : ;Fn, the lifting set is introduced for v 2 Rm as

ˆi .v/ D
�

d 2 Rs W h �
iX

jD0

Fj xj � d 2 K for all .x0; : : : ; xi /> 2 S i .b � v/
�
:

Then, a necessary and sufficient condition for (8) to be valid can be formulated, which essentially provides a
description of the set of valid inequalities.

Proposition 3 ([3]) Inequality (8) is valid for S i .b/ if and only if Fi t 2 ˆi .Ai t/ for all t 2 X i and i D
0; : : : ; n.

The condition established by Proposition 3 is still too general to be used for derivation of conic cuts. For
example, it can be seen that in this way the resulting inequalities are sequence-dependent, i.e., a change in
the order in which variables xi are introduced will change the sets ˆi .v/. The following theorem provides a
“sequence-independent” approach to construction of lifting procedure.

Theorem 1 ([3]) If ‡.v/ � ˆ0.v/ for all v 2 Rm and ‡ is superadditive, then (8) is a lifted valid inequality
for Sn.b/ whenever Fi t 2 ‡.Ai t/ for all t 2 X i and i D 0; : : : ; n.

Then, the following procedure can be formulated for derivation of lifted conic inequalities:

Step 1. Compute ˆ0.v/.

Step 2. If ˆ0.v/ is not superadditive, find a superadditive ‡.v/ � ˆ0.v/.

Step 3. For each i find Fi such that Fi t 2 ‡.Ai t/ is satisfied for all t 2 X i .

In [3] this process was employed to obtain nonlinear lifted conic cuts for 0-1 MISOCP problems; however,
no computational results were reported. Below we apply this procedure to derive nonlinear lifted conic cuts
for 0-1 and mixed integer p-order cone programming problems with risk-based constraints, and also discuss
polyhedral approximations of these cuts that are used in numerical implementation.
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3.2 Lifting Procedure for 0-1 p-Order Cone Programming Problems
In the case of 0-1 p-order cone programming problem, consider the following conic set

Snp .b/ D

�
.x; �C; ��; y; t/ 2 f0; 1gn � R4C W

h nX
iD1

aixi C �C � �� � b
ip
C
C yp � tp

�
;

where p 2 .1;1/. The set Snp .b/ represents a relaxation of a high dimensional 0-1 mixed integer p-order
conic set: all but one dimensions of the p-cone are aggregated into the term yp . By complementing the
binary variables, if necessary, we can assume that all ai � 0. The restriction S0p of this set can be taken as

S0p .b/ D
˚
.x; y; t/ 2 f0; 1g � R2C W Œx � b�

p
C C y

p
� tp

	
:

Notice that S0p .b/ has one extreme point .b; 0; 0/, which is fractional when b 2 .0; 1/. Thus, in the only
interesting case we have bbc D 0. Using the results of the previous section, the initial valid inequality can be
selected as

ˇ̌
.1 � f /.x � bbc/

ˇ̌p
C yp � tp , where f D b � bbc (the fact that this inequality is valid can be

verified directly by examining the possible values of x; y; t ). Now, by definition, in order to compute ˆ0.v/
we need to find such d that inequalityˇ̌

.1 � f /.x � bbc/C d
ˇ̌p
C yp � tp (9)

is satisfied for all x; y; t such that Œx � b C v�pC C y
p � tp .

Recalling that bbc D 0 and, therefore, f D b, we obtain that (9) can be rewritten as j.1�b/xCd jpCyp �
tp for all x; y; t such that Œx� bC v�pCCy

p � tp . Given that x 2 f0; 1g, for x D 0 we have jd j � Œv� b�C,
and for x D 1 we have j1�bCd j � Œ1�bCv�C. Thus, if v � b then jd j � v�b, and if v < b then d D 0,
meaning that jd j � Œv � b�C, whereby ˆ0.v/ D fd W jd j � Œv � b�Cg, which is superaddive. Finally, the
following proposition holds.

Proposition 4 Conic inequalityˇ̌̌
.1 � f /.x � bbc/C

nX
iD1

˛ixi

ˇ̌̌p
C yp � tp (10)

with ˛i D Œai � b�C is valid for the set Snp .b/.

Proof: Since ˆ0.v/ is superadditive, by Theorem 1 we only need to verify that the chosen values of ˛i
satisfy ˛ix 2 ˆ0.aix/ for x 2 f0; 1g, which follows readily from the expression for ˆ0.v/. �

3.3 Lifting Procedure for MIpOCP Problems
Similarly, in the case of MIpOCP problem we consider the set

OSnp .b/ D

�
.x; �C; ��; y; t/ 2 ZnC � R4C W

h nX
iD1

aixi C �C � �� � b
ip
C
C yp � tp

�
;

where p 2 .1;1/. Once again, the set OSnp .b/ represents a relaxation of a high dimensional mixed integer
p-order cone constraint. Let us also assume that values xi are bounded, e.g., xi 2 f0; : : : ;M g for all i .
Again, let us assume without loss of generality that ai > 0. The restriction of OSnp .b/ can be selected as

OS0p .b/ D
˚
.x; y; t/ 2 ZC � R2C W Œx � b�

p
C C y

p
� tp

	
; (11)

but in this case let us choose a weaker initial valid inequality,
�
.1� f /.x � bbc/

�p
C
C yp � tp . The problem

of computing ˆ0.v/ is then reduced to the problem of finding values of d such that�
.1 � f /x � bbc.1 � f /C d

�
C
�
�
x � b C v

�
C
: (12)
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Recall that we are only interested in a superadditive subset ‡.v/ of such set. One of the possible choices is
‡.v/ D

˚
d � 0 W d � Œv � bCbbc.1� f /�C

	
. Indeed, 0 2 ‡.v/ by definition, and (12) is a consequence

of inequality .1� f /x � bbc.1� f /C d � x � b C v, which yields the above expression for ‡.v/. Lastly,
the following proposition holds.

Proposition 5 Conic inequality

h
.1 � f /.x � bbc/C

nX
iD1

˛ixi

ip
C
C yp � tp (13)

with ˛i D
hai � b C bbc.1 � f /

M

i
C

is valid for OSnp .b/.

Proof: Indeed, in accordance to Section 3.1 it suffices to show that for such a choice of ˛i we have ˛ix 2
‡.aix/ for all x. For x ¤ 0 we have

‡.aix/ D
˚
d � 0 W d � Œaix � b C bbc.1 � f /�C

	
;

and

˛ix D

�
ai � b C bbc.1 � f /

M

�
C

x � Œai � b C bbc.1 � f /�C � Œaix � b C bbc.1 � f /�C:

On the other hand, for x D 0 it is clear that 0 2 ‡.0/. �

3.4 Polyhedral Approximations of p-Order Cones
Observe that lifted cuts (10) and (13) for, respectively, 0-1 and mixed integer p-order cone programming
problems have the form of p-order cones themselves. Thus, one may expect that while addition of such cuts
can reduce the number of nodes explored in the branch-and-bound tree, the computational cost of solving
the relaxed problem with extra p-cone constraints at the nodes may increase. In view of this, we propose to
replace the nonlinear p-order cone cuts (10) and (13) with their polyhedral approximations during the branch-
and-cut procedure. A detailed discussion of polyhedral approximations of p-order cones can be found in [22].

Since in our case the lifted cuts have the form of 3-dimensional p-cones, we use a simple gradient poly-
hedral approximation. Particularly, a gradient polyhedral approximation for the conic set K.3/p D fŸ 2 R3C W
�3 � k.�1; �2/kpg, p 2 .1;1/, can be constructed as

H.3/

p;`
D
˚
Ÿ 2 R3C W �3 � ˛

.p/
i �1 C ˇ

.p/
i �2; i D 0; : : : ; `

	
; (14)

where "
˛
.p/
i

ˇ
.p/
i

#
D .cosp �i C sinp �i /

1�p
p

�
cosp�1 �i
sinp�1 �i

�
; �i D

�i

2`
; i D 0; : : : ; `:

Here H.3/

p;`
is an approximation of K.3/p in the sense that Ÿ 2 K.3/p implies Ÿ 2 H.3/

p;`
, and Ÿ 2 H.3/

p;`
implies

.1 C "/�3 � k.�1; �2/kp , where " D ".`/ is the accuracy of approximation. In the case of polyhedral
approximation (14), the latter can be estimated as [13]

".`/ �

8̂<̂
:

1
p

�
1 � 1

p

�p�
�
2`

�p
; p 2 .1; 2/;

1
8
.p � 1/

�
�
2`

�2
; p 2 Œ2;1/:

For example, for p D 4:0 it suffices to have ` D 25 facets in the approximation to ensure an accuracy of
10�3.
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4 Computational Results
In this section we report the results of numerical experiments on applying the derived MIR and lifted conic
cuts to MIpOCP problem instances. In our case study, three types of problem instances were considered:
the first type represents the “generic” MIpOCP instances with randomly generated data, and the second
and third types of instances represent portfolio optimization problems with cardinality constraints and lot-
buying constraints, respectively. Historical financial data were used for both types of portfolio optimization
problems. A detailed description of each problem type is given below.

Computations were ran on a 3GHz PC with 4GB RAM, and CPLEX 12.2 solver was used. Since CPLEX
cannot natively handle p-cone constraints with p ¤ 2, a second-order cone reformulation [1, 14, 16] was
applied to p-order cone constraints with rational p > 2. The derived cuts were added at the root node of
the branch-and-bound tree using CPLEX callback routines. In addition, each instance was solved using the
default mixed integer CPLEX solver with built-in cuts. In both cases, default solver configuration was used,
with the exceptions that the number of threads was limited to one and QCP relaxations of the model were
used at each node.

4.1 Problem Formulations
Randomly generated MIpOCP problems The first set of problem instances consisted of randomly gen-
erated mixed integer p-order cone programming problems of the general form. Specifically, the following
formulation was used:

min c>xC yC C y�

s. t.
ŒAxC yC1 � y�1 � b�C


p
� e>xC fyC � gy� � h

x 2 ZnC; y
C; y� 2 RC;

(15)

where A 2 Rn�m, c;b; e 2 Rn, f; g; h 2 R, and 1 D .1; : : : ; 1/>. Each of the parameters A;b; c; e; f; g; h in
(15) was selected from the uniform U.1; 1000/ distribution.

Portfolio optimization with cardinality constraints. The second set of problem instances consisted of
portfolio optimization problems with cardinality constraints. Specifically, portfolio risk as given by HMCR
measure was minimized while requiring that the portfolio’s expected return was not below some prescribed
level r0. No short sales were allowed, and the cardinality constraint ensured that the portfolio was comprised
of no more than K assets:

min
y2Rn
C
; x2f0;1gn

n
HMCR˛;p.�r>y/ W E.r>y/ � r0; 1>y � 1; y � x; 1>x � K

o
; (16)

where vectors y and r D r.!/ represented the weights of assets in the portfolio and the assets’ uncertain
returns, respectively. Using definition (2) of HMCR measures and assuming that the stochastic vector r.!/
is discretely distributed with m scenarios r.!i /, i D 1; : : : ; m, the portfolio optimization problem (16) can
be formulated as a 0-1 MIpOCP problem with .mC 1/-dimensional p-cone constraint. In our computations
we set K D 5 and ˛ D 0:9 in (16).

Portfolio optimization with lot-buying constraints. The last type of problems considered in this case
study represents portfolio optimization problems with lot-buying constraints. The lot-buying constraints
reflect the real-life trading policies of many financial markets (see, e.g., [7, 17, 18] and references therein),
where the investors are allowed to buy or sell shares of financial instruments only in lots of standard size
L, e.g., in multiples of L D 1;000 shares. Following the same setup as above, a risk-minimizing portfolio
allocation problem with lot-buying constraints is formulated as

min
y2Rn
C
; x2Zn

C

�
HMCR˛;p.�r>y/ W E.r>y/ � r0; 1>y � 1; y D

L

C
Diag.p/ x

�
: (17)
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Here L 2 N is the given lot size, C > 0 is the available capital (in dollars), vector p 2 RnC represents
the current (observable) asset prices per share, and Diag.a/ denotes a matrix whose diagonal elements are
equal to the corresponding elements of vector a, and off-diagonal elements are zero. Similarly to the above,
portfolio problem (17) reduces to a MIpOCP problem with .m C 1/-dimensional p-cone constraint, where
m is the number of scenarios in stochastic representation of the vector of assets’ returns r. The values of
parameters L and C in our experiments were set at L D 1;000 and C D $100;000.

For portfolio optimization problems, we used historical data for n stocks chosen at random from the
S&P500 index, and returns over m consequent 10-day periods starting at a (common) randomized date were
used to construct the set of m scenarios for the stochastic vector r in (16), (17).

4.2 Discussion of Results: Conic MIR Cuts
Randomly generated MIpOCP problems For each pair of parameters (n;m) that determine the number
of integer variables and the dimensionality of p-cone, 50 randomly generated instances of problem (15)
were solved. The results are summarized in Table 1, where the average computational time (in seconds),
the average number of nodes explored in the search tree, and the average number of cuts added during the
solution procedure are reported. In addition, we report the percentage of cases in which addition of conic
MIR cuts improves the computational time and the number of nodes explored, respectively, as compared to
the default CPLEX routines. It has also been noted that randomly generated problems are relatively easy to
solve; in fact, many instances were solved at the root node. Therefore, in addition to the results averaged over
all instances of a given problem size .n;m/, Table 1 presents the results averaged over “difficult” instances,
i.e., instances that could not be solved at the root node by CPLEX solver with default parameter settings. As
one can see, in most cases utilization of conic MIR cuts reduces the average solution time and the number of
nodes explored in the solution tree, with the improvement being more noticeable for “difficult” instances and
larger sizes of the problem. It is also worth noting that while solution times vary for different values of the
parameter p, the observed improvement due to implementation of conic MIR cuts stays approximately the
same.

Portfolio optimization with cardinality constraints. For each problem size we generated 30 problem
instances. The obtained results are summarized in Table 2. We can again conclude that for the majority of
the instances, introduction of conic MIR cuts leads to an improved performance in comparison to the default
CPLEX solution procedures, although the improvement is considerably smaller comparing to that observed
on randomly generated problems. Note also that a significantly smaller number of cuts were generated in
problem instances of this type; moreover, in many cases the default CPLEX optimizer did not add any cuts
to the problem.

Portfolio optimization with lot-buying constraints. The results averaged over 30 instances for each prob-
lem size are summarized in Table 3. Note that in many instances of problems of this type, no user cuts of the
proposed structure have been found. It can also be noted that regardless of the number of cuts found, solution
times are rather comparable to those of the default CPLEX optimizer, which may indicate that conic MIR
cuts do not make a significant difference in problems of this type.

4.3 Discussion of Results: Lifted Conic Cuts
Portfolio Optimization. For evaluation of the performance of lifted cuts derived in Section 3, we used both
types of portfolio optimization problems, with parameters set up as described above. As it has been already
noted, each lifted nonlinear cut was replaced by its outer gradient polyhedral approximation. Specifically,
the approximation accuracy was set at 10�3. Since in this case each cut results in multiple additional linear
constraints, we restricted the number of lifted cuts to be added at the root node to two. The results obtained
for portfolio optimization problems with cardinality constraints (16) and lot-buying constraints (17), each
averaged over 30 problem instances, are summarized in Tables 2 and 3, respectively. We observed similar
improvements in computational time for both types of problems. Also, it has been observed that utilization
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p D 2:0

all instances “difficult” instances
n m default CPLEX conic MIR % better default CPLEX conic MIR % better

500

time 26.88 22.88 29.41% 58.22 43.77 61.11%
200 nodes 2.0 0.75 100.00% 5.67 2.11 100.0%

cuts 16.74 48.65 – 16.06 50.94 –
time 218.0 224.72 52.83% 356.27 369.85 67.86%

600 nodes 3.34 3.17 92.45% 6.32 6.0 85.71%
cuts 73.45 53.90 – 19.08 55.82 –
time 1117.45 856.59 45.61% 2045.46 1418.66 65.22%

1000 nodes 1.68 0.60 96.49% 4.17 1.48 91.30%
cuts 102.54 63.40 – 76.00 50.87 –

p D 3:0

all instances “difficult” instances
n m default CPLEX conic MIR % better default CPLEX conic MIR % better

500

time 12.60 11.10 37.25% 24.11 20.68 76.92%
200 nodes 0.88 0.31 100.00% 1.23 3.46 100.0%

cuts 11.71 49.65 – 11.38 50.94 –
time 189.76 71.90 51.92% 421.64 133.0 87.50%

600 nodes 6.92 2.13 100.00% 22.94 7.06 100.00%
cuts 18.92 54.58 – 15.37 48.26 –
time 910.04 560.12 66.67% 1741.93 974.53 61.90%

1000 nodes 1.53 0.35 98.25% 4.14 0.95 95.24%
cuts 32.81 63.40 – 22.0 50.87 –

p D 4:0

all instances “difficult” instances
n m default CPLEX conic MIR % better default CPLEX conic MIR % better

500

time 31.92 26.54 35.29% 62.04 48.06 52.17%
200 nodes 2.29 0.98 98.04% 5.09 2.17 95.65%

cuts 26.16 48.65 – 29.17 63.83 –
time 582.88 324.86 43.40% 875.88 471.92 55.88%

600 nodes 9.25 8.0 88.84% 14.41 12.47 82.36%
cuts 76.75 53.91 – 37.87 60.01 –

Table 1: Performance of conic MIR cuts for randomly generated MIpOCP problems. The “% better” column represents the percentage
of problem instances for which conic MIR cuts approach outperformed CPLEX with default parameters in terms of solution time and
number of nodes, respectively. “Difficult” instances represent problem instances that cannot be solved at the root node.

of lifted cuts in portfolio optimization with lot-buying constraints does not generally lead to a reduction
in the number of nodes explored in the solution tree. Thus, based on this observation and results of the
experiments of the previous section, we can suggest that the observed improvement is probably partially due
to considerably less time spent while looking for cuts. In contrast, in portfolio problems with cardinality
constraints we observe reductions in both the number of nodes and solution times due to utilization of lifted
cuts.

5 Concluding Remarks
The recent progress in solving mixed integer programming problems can partially be attributed to the ad-
vances in utilization of valid inequalities for integer and mixed integer sets. Mixed integer cuts allow for
tightening of the bounds given by the continuous relaxation of the problem during the branch-and-cut proce-
dure and, as a result, can lead to reductions in the number of nodes explored in the branch-and-bound tree
and in the overall computational time. Typically, valid inequalities exploit specific structure of the feasible
set of the problem.

This paper presents two families of valid inequalities for mixed integer p-order programming problems
that arise in risk-averse stochastic optimization with downside risk measures. Particularly, we developed
mixed integer rounding cuts and nonlinear lifted cuts for mixed integer p-order conic sets, extending the
corresponding results for mixed integer second order programming problems [2, 3]. Computational studies
on randomly generated problems as well as discrete portfolio optimization problems with historical data
demonstrate that both conic MIR cuts and lifted conic cuts lead to improved solution times.

In general, nonlinear cuts are not yet as prevalent as linear ones, partly due to the fact that additional
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p D 2:0

default CPLEX conic MIR cuts lifted conic cuts
n m time nodes cuts time nodes cuts time nodes cuts
100 600 360.97 31.31 0.10 315.98 31.90 3.00 281.34 30.59 2.00

1000 787.16 31.15 0.00 772.44 77.90 3.00 595.66 30.77 2.00
1400 916.18 37.58 0.00 766.14 55.50 3.00 664.73 25.8 2.00

150 600 446.11 41.80 0.00 400.02 41.20 3.00 377.87 40.20 2.00
1000 1566.79 53.44 0.00 1436.57 53.20 3.00 1326.74 52.33 2.00
1400 2601.84 40.69 0.00 2343.03 38.83 3.00 2196.61 39.92 2.00

p D 3:0

default CPLEX conic MIR cuts lifted conic cuts
n m time nodes cuts time nodes cuts time nodes cuts
100 600 813.62 47.93 0.00 537.14 45.63 3.00 610.98 45.35 2.00

1000 1449.75 49.78 0.00 1216.24 49.90 3.00 1213.02 49.67 2.00
1400 1671.64 36.38 0.00 1518.44 59.87 3.00 1428.81 40.2 2.00

150 600 488.07 41.40 0.20 415.92 40.67 3.00 354.40 39.80 2.00
1000 2877.30 80.81 0.05 2661.90 83.87 3.00 2514.82 86.71 2.00
1400 4307.80 70.72 0.11 4006.54 70.43 3.00 3739.91 69.89 2.00

p D 4:0

default CPLEX conic MIR cuts lifted conic cuts
n m time nodes cuts time nodes cuts time nodes cuts
100 600 1234.58 47.08 0.10 1186.99 45.83 3.00 1062.46 45.58 2.00

1000 2368.82 45.05 0.00 2204.83 48.20 3.00 2062.06 47.87 2.00
1400 3243.04 33.49 0.00 2630.18 34.40 3.00 2552.70 31.48 2.00

150 600 435.52 34.50 0.17 371.95 58.65 3.00 340.62 33.33 2.00
1000 5913.61 94.71 0.00 5451.90 47.95 3.00 5168.28 97.57 2.00
1400 6442.82 62.50 0.05 6087.91 31.30 3.00 5286.47 62.85 2.00

Table 2: Performance of conic MIR and lifted cuts in cardinality constrained portfolio optimization problems. Entries in bold correspond
to the minimum solution time for each row. Results are averaged over 30 instances for each problem size.

nonlinear inequalities in the bounding (relaxed) problem tend to have deteriorating effect on the computa-
tional time of branch-and-bound procedure. In order to improve the computational tractability of the derived
nonlinear lifted cuts within the branch-and-cut framework, we proposed replacing them with their polyhedral
approximations; since the nonlinear lifted cuts constitute low-dimensional p-cones, the corresponding poly-
hedral approximations are relatively inexpensive. In this respect, our computational results are among the
first successful applications of nonlinear cuts in nonlinear mixed integer programming problems.
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A A Direct Derivation of Conic Mixed Integer Rounding Cuts for
Mixed Integer p-Order Cone Programming Problems

Following [2], let us first consider a simple case of the following set

T D
˚
.y; w; t; x/ 2 R3C � Z W Œx C y � w � b�C � t

	
:

Let us denote by relax.T / the continuous relaxation of T and by conv.T / its convex hull. It can be seen
that the extreme rays of relax.T / are as follows: .1; 0; 0; 1/, .�1; 0; 0; 0/, .1; 0; 1; 0/, .�1; 1; 0; 0/, and its
only extreme point is .b; 0; 0; 0/. Let us also denote f D b � bbc. Clearly, the case of f D 0 is not
interesting, hence it can be assumed that f > 0, whereby conv.T / has four extreme points: .bbc; 0; 0; 0/,
.bbc; f; 0; 0/, .dbe; 0; 1 � f; 0/, .dbe; 0; 0; 1 � f /. With these observations in mind we can formulate the
following proposition.

Proposition 6 Inequality
.1 � f /.x � bbc/ � t C w (18)

is valid for T and cuts off all points in relax.T / n conv.T /.

Proof: First, let us show the validity of (18). The base inequality for T is

Œx C y � w � b�C � t: (19)

Now, let x D bbc � ˛ and ˛ � 0. In this case, (19) turns into t � Œy � w � f � ˛�C and (18) becomes
t � �.1�f /˛�w. Observing that Œy�w�f �˛�C�.�.1�f /˛�w/ D maxfy�f � f̨; .1�f /˛Cwg � 0;

one obtains that (19) implies (18) for x � bbc.
On the other hand, if x D dbe C ˛ with ˛ � 0, then (19) becomes t � Œy �wC .1� f /C ˛�C and (18)

turns into t � .1 � f /.1C ˛/ � w. Similarly to above,

Œy � w C .1 � f /C ˛�C � ..1 � f /.1C ˛/ � w/

D maxfy � w C .1 � f /C ˛ � .1 � f / � ˛.1 � f /C w;w � .1 � f /.1C ˛/g
D maxfy C f̨; w � .1 � f /.1C ˛/g � 0;

which means that (19) implies (18) for x � dbe. Hence, (18) is valid for T .
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To prove the remaining part of the proposition, consider the polyhedron KT defined by the inequalities

x C y � w � b � t; (20)
0 � t; (21)
0 � y; (22)
0 � w; (23)
.1 � f /.x � bbc/ � t C w: (24)

Since KT has four variables, the basic solutions of KT are defined by four of these inegualities at equality. They
are:

� Inequalities (20), (21), (22), (23): .x; y;w; t/ D .b; 0; 0; 0/ is infeasible if f ¤ 0.

� Inequalities (20), (21), (22), (24): .x; y;w; t/ D .dbe; 0; 1 � f; 0/.

� Inequalities (20), (21), (23), (24): .x; y;w; t/ D .bbc; f; 0; 0/.

� Inequalities (20), (22), (22), (24): .x; y;w; t/ D .dbe; 0; 0; 1 � f /.

� Inequalities (21), (23), (22), (24): .x; y;w; t/ D .bbc; 0; 0; 0/.

Hence, conv.T / has exactly the same extreme points as KT , which completes the proof. �

In the general case, let

bT D ˚.yC; y�; t; x/ 2 R3C � ZnC W Œa
>xC yC � y� � b�C � t

	
; (25)

and consider the following function

�f .a/ D

�
.1 � f /n; n � a < nC f

.1 � f /nC .a � n/ � f; nC f � a < nC 1:

Proposition 7 For ˛ ¤ 0 the following inequality

nX
jD1

�fj˛j

� aj
j˛j

�
xj � �fj˛j

� b
j˛j

�
�
t C y�

j˛j
; (26)

where fj˛j D b
j˛j
� b

b
j˛j
c, is valid for bT .

Proof: First consider the case ˛ D 1. We can rewrite the base inequality for (25) ash� X
fj�f

baj cxj C
X
fj>f

daj exj

�
C

� X
fj�f

fjxj C y
C
�
�

� X
fj>f

.1 � fj /xj C y
�
�
� b

i
C
� t;

where fj D aj � baj c. Observe that

Kx D
X
fj�f

baj cxj C
X
fj>f

daj exj 2 Z; Ky D
X
fj�f

fjxj C y
C
� 0; Kw D

X
fj>f

.1 � fj /xj C y
�
� 0:

Hence, we can apply simple conic MIR inequality (18) with variables ( Kx; Ky; Kw; t):

.1 � f /
� X
fj�f

baj cxj C
X
fj>f

daj exj � bbc
�
� t C

X
fj>f

.1 � fj /xj C y
�:
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Rewriting it with the help of function �f .a/, we obtain that

nX
jD1

�f .aj /xj � �f .b/ � t C y
�:

So, by Proposition 6 inequality (26) is valid for ˛ D 1. In order to see that the result holds for all ˛ ¤ 0 we
only need to scale the base inequality:h 1

j˛j
.a>xC yC � y� � b/

i
C
�

t

j˛j
:

�

Proposition 8 Inequalities (26) with ˛ D aj , j D 1; : : : ; n are sufficient to cut off all fractional extreme
points of relax.bT /.
Proof: The set relax.bT / is defined by n C 3 variables and n C 4 constraints. Therefore, if xj > 0 in an
extreme point, then the remaining n C 3 constraints must be active. Thus, the continuous relaxation has at
most n fractional extreme points (xj ; 0; 0; 0) of the form x

j
j D

b
aj
> 0, and xji D 0, for i ¤ j . Such points

are infeasible if b
aj
… Z. Now, let aj > 0. For such a fractional extreme point inequality (26) reduces to

�faj .1/xj � �faj

� b
aj

�
�
t C y�

aj
; or .1 � faj /xj � .1 � faj /

j b
aj

k
�
t C y�

aj
;

which by Proposition 6 cuts off fractional extreme point with xjj D
b
aj

.
Now, let us consider aj < 0. In this case we observe that the inequality (26) reduces to

�fjaj j
.�1/xj � �fjaj j

� b

jaj j

�
�
t C y�

jaj j
; or � .1 � fjaj j/xj � .1 � fjaj j/

j b

jaj j

k
�
t C y�

jaj j
;

which again, cuts off fractional extreme point with xjj D
b
aj

. �
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