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Abstract

We study solution approaches to a class of mixed-integer nonlinear programming problems that arise from
recent developments in risk-averse stochastic optimization and contain second- and p-order cone programming
as special cases. We explore possible applications of some of the solution techniques that have been successfully
used in mixed-integer conic programming and show how they can be generalized to the problems under consid-
eration. Particularly, we consider a branch-and-bound method based on outer polyhedral approximations, lifted
nonlinear cuts, and linear disjunctive cuts. Results of numerical experiments with discrete portfolio optimization
models are presented.

Keywords: Mixed-integer nonlinear programming; measures of risk; quasi-arithmetic average; valid inequalities;
conic programming

1 Introduction: Problem Formulation and Solution Approach

In this work we consider solution approaches to a special class of mixed-integer nonlinear optimization models
that includes, among others, mixed integer second- and p-order cone programming problems. Developing the
corresponding solution approaches can also be viewed as a way to explore applicability of some of the methods
extensively used in mixed-integer conic programming literature in a more general setting. While our interest in the
particular class of problems studied here stems from recent developments in risk-averse stochastic optimization
(Vinel and Krokhmal, 2015; Rysz et al., 2015), similar models may arise in other fields of science and engineering
in the context of “generalized means” (see below). In the present study we consider mixed-integer nonlinear
programming problems of the form

min c>x

s. t. v�1

 
mP
jD1

pj v

�
nP
iD1

aijxi C bj

�!
�

nP
iD1

ai0xi C b0;

Hx � h; x 2 Zn1

C �Rn2

C ;

(1a)

(1b)

(1c)

where n D n1 C n2 is the dimensionality of the mixed-integer decision vector x, and c, h, H are vectors and a
matrix of appropriate dimensions. While we consider models with a single nonlinear constraint, the approaches
presented in the paper can be naturally applied if more than one such constraint is present. By introducing variable
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vector w, constraint (1b) can be equivalentely replaced with a system

w0 � v
�1

�
mP
jD1

pj v.wj /

�
wj �

nP
iD1

aijxi C bj ; j D 1; : : : ; m;

w0 �
nP
iD1

ai0xi C b0:

(2a)

(2b)

(2c)

Our main object of interest here is (2a), where it is assumed that coefficients pj are positive, pj > 0, for all values
of j , and function v W R 7! R has the following properties:

(i) v.t/ D 0 for t � 0,

(ii) v.t/ is increasing and convex for t � 0,

(iii) v is such that constraint (2a) is convex.

The expression in the right-hand side of (2a) is well known in the literature under the names of quasi-arithmetic,
Kolmogorov-Nagumo, or f -mean of the sequence fw1; : : : ; wmg, provided that the positive coefficients pj satisfy
p1 C : : : C pm D 1 (see, for example, Bullen et al. (1988); Hardy et al. (1952)). In the operations research and
economics domains, it is related to the concept of certainty equivalent (Wilson, 1979; McCord and Neufville,
1986), which is the deterministic quantity such that a rational decision maker with a utility function v would be
indifferent between choosing this certain quantity or a random outcome W that has realizations w1; : : : ; wm with
probabilities p1; : : : ; pm.

In the present work, our interest in solving problems of the form (1) derives from risk-averse stochastic optimization
models that employ the certainty equivalent measures of risk (Vinel and Krokhmal (2015), see also Sections 2 and
5). This application also dictates the above requirements (i)–(iii) on functions v. At the same time, it is easy to see
that conditions (i)–(iii) naturally imply that the nonlinear convex constraint (1b) represents a direct generalization
of the second-order cone, or, more broadly, p-order cone constraints w0 � k.w1; : : : ; wm/kp . Note that property
(iii) may not be easy to verify; some sufficient conditions for (iii) are discussed in (Ben-Tal and Teboulle, 2007;
Vinel and Krokhmal, 2015). Also observe that (1b) is conic if and only if function v is an affine transformation of
a power function Hardy et al. (1952).

Convex programming formulations that contain constraints of type (1b), or, equivalently, (2) have been previously
considered in Rysz et al. (2015). That work concentrates on the case when m is large, which in the stochastic
programming setting corresponds to a large number of scenarios (see Section 2), and leads to a large number of
constraints (2b)–(2c). This computational challenge has been addressed by employing an efficient scenario decom-
position framework. In the present endeavor we focus our attention on the challenges associated with the nonlinear
constraint (1b) or (2a) and integrality constraints. From this point of view, problem (1) can be characterized as
a mixed-integer nonlinear programming (MINLP) problem with a convex continuous relaxation, and there exists
an extensive body of literature discussing solution methods for either general MINLP or mixed-integer conic pro-
gramming (MICP). Since the formulation considered here is in some sense “in between” of these two classes, our
discussion is concentrated on attempts to utilize the specific structure of the nonlinear constraint. While constraint
(2a) is not conic in general, in our discussion below we will show that some of the solution procedures proposed
for second- or p-order cone programming (SOCP or pOCP) problems can be extended to this class as well.

We begin by discussing risk-averse stochastic programming motivation for this problem in Section 2. In Section
3 we present a version of branch-and-bound method targeted at the specific nonlinear constraints considered in
this paper. Next, in Section 4 we will address two procedures for generating inequalities valid for the feasible set
of (1): lifted nonlinear cuts and disjunctive cuts. Finally in Section 5 we will present some results of numerical
experiments. Relevant literature review will be presented in Sections 3 and 4.
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The main contributions of this paper in our view are the following. First, we show that two techniques (a spe-
cial implementation of a branch-and-bound and lifted nonlinear valid inequalities) that have been proposed in the
context of mixed-integer second-order cone programming (MISOCP) problems can be extended to the more gen-
eral case considered here. While both of these extensions do not require novel theoretical developments and rely
heavily on the results already established in the literature, the novelty of the problem formulation and its practi-
cal relevance justify, in our view, our interest in these extensions. In particular, we show how these techniques
can be reformulated in order to address this new application area, while still allowing for the use of the already
existing theoretical basis. Secondly, we propose another numerical approach, which relies on a simple geometric
idea for construction of linear disjunctive cuts. To the best of our knowledge, this particular scheme has not been
considered in the literature before.

2 Risk-Averse Stochastic Programming Motivation

Consider a function � W X 7! R [ fC1g, where X is an appropriate linear space of F-measurable functions on a
probability space .�;F ;P/ such that X D X.!/ 2 X is interpreted as a random outcome representing a cost or
a loss associated with the uncertain event ! 2 �. Then, function � is referred to as a risk measure, and defines a
system of preferences on X (outcome X is preferred to Y iff �.X/ � �.Y /). Additionally, suppose that outcome
X depends on the value of a decision vector x 2 X . In this case a problem of optimal decision making under
uncertainty can be formulated as a (risk-averse) stochastic optimization model

minfc.x/ j �.X.x; !// � h.x/; x 2 X g: (3)

Problems of this kind involving various forms of risk measure � have been extensively studied in the literature, see,
e.g., Krokhmal et al. (2011) for a survey. We are concerned with a particular type of certainty equivalent measures
of risk, introduced in Vinel and Krokhmal (2015), which are defined as

�.X/ WD min
�

�C
1

1 � ˛
v�1Ev

�
ŒX � ��C

�
;

where the deutility function v is nondecreasing, convex, such that v�1Ev.X/ is convex, and v.t/ D v.Œt �C/ D

v.maxf0; tg/. The class of certainty equivalent measures of risk possesses important methodological character-
istics, such as convexity, isotonicity with respect to stochastic dominance ordering induced by deutility function
v (and, in particular, second-order stochastic dominance), etc., and contains some well-known risk measures as
special cases, including CVaR (Rockafellar and Uryasev, 2002) and HMCR (Krokhmal, 2007).

Certainty equivalent measures of risk are amenable to simple implementation in stochastic programming models
via constraints of the form (2a) if the set of random events � can be assumed finite: � D f!1; : : : ; !mg and
Pf!j g D pj > 0 for j D 1; : : : ; m. Then, stochastic programming problem (3) can be equivalently reformulated
as

min
n
c.x/

ˇ̌̌
�C .1 � ˛/�1v�1

� mP
jD1

pj v
�
ŒX.x; !j / � ��C

��
� h.x/; x 2 X ; � 2 R

o
: (4)

If, additionally, it can be assumed that the loss function X.x; !/ is linear with respect to the decision vector, i.e.,
X.x; !j / D a>j xC bj , and x 2 Zn1 �Rn2 , then (4) can be written as a special case of MINLP (1)

min c.x/

s. t. �C .1 � ˛/�1w0 � h.x/

w0 � v
�1
� mP
jD1

pj v.wj /
�

wj � a>j xC bj � �; j D 1; : : : ; m

x 2 Zn1 �Rn2 ; w � 0; � 2 R;

(5a)

(5b)

(5c)

(5d)

(5e)
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provided that c.x/ and h.x/ are linear as well. In view of the above, we refer to constraint (2a) as the certainty
equivalent constraint.

3 Branch-and-Bound based on Outer Polyhedral Approximations

3.1 Existing Methods and Approach due to Vielma et al (2008)

Branch-and-bound (BnB) methods for solving MINLP problems are often divided into two categories depending
on the way the continuous relaxations are handled. The first group consists of the methods which solve exact
non-linear continuous relaxation, usually using some version of interior point method (see, for example Gupta and
Ravindran (1985); Borchers and Mitchell (1994); Leyffer (2001) and references therein). Alternatively, polyhedral
approximations can be employed to help with finding approximate solutions of the continuous relaxations (Duran
and Grossmann, 1986; Fletcher and Leyffer, 1994; Quesada and Grossmann, 1992; Bonami et al., 2008; Vielma
et al., 2008). This approach has been the basis for a few MINLP solvers such as Bonmin (Bonami et al., 2008),
FilMINT (Abhishek et al., 2010) or AOA (AIMMS open MINLP solver). For example, outer approximation
algorithms (AOA) solve an alternating sequence of MILP master problems and NLP subproblems, while in LP-
NLP-based BnB methods (Quesada and Grossmann (1992), FilMINT) the solution of a single master mixed-integer
linear programming (MILP) problem is terminated every time an integer valued candidate is found to solve an exact
NLP, solution of which is then used to generate new outer approximations.

Another framework has been proposed in Vielma et al. (2008) for the case of mixed-integer second order cone
programming (MISOCP) problems. The authors exploit the fact that there exists an extremely efficient lifted outer
polyhedral approximation of second order cones (Ben-Tal and Nemirovski, 2001), and thus propose to solve full-
sized approximating LP at each node of the master MILP, while, as previously, an exact NLP is solved every
time a new integer solution is found. Note that in this case, the algorithm is guaranteed to find a solution that is
"-feasible to the relaxation at each node of the BnB tree, as opposed to LP-NLP approach, where NLP solution is
used to generate new approximating facets. Hence, one of the key differences between different implementations
of such BnB methods can be viewed as a trade-off between the size of approximating LPs (i.e., the accuracy of the
approximation) and the number of exact NLPs that need to be solved. Note that an exact NLP, of course, provides
tighter lower bounds, and thus, more pruning capabilities, while LPs bring-in superior warm-start efficiencies,
consequently speeding up the processing time in each node. In this sense, the approach in Vielma et al. (2008) can
be viewed as the most conservative in terms of the use of the exact solvers: NLPs are only solved when absolutely
necessary to verify incumbent integer solutions.

The fact that this approach relies on an efficient lifted approximation scheme is essential, since otherwise exponen-
tially large polyhedral approximations may be required to achieve guaranteed "-feasibility for general nonlinear
constraints. The main source of difficulty here can be associated with high dimensionality of the constraint, i.e., it
can be seen as a manifestation of the “curse of dimensionality”. In Vinel and Krokhmal (2014b) we have shown that
this framework can be competitive even when no such efficient approximation scheme is available by designing a
branch-and-bound based on polyhedral approximations for mixed-integer p-order cone programming (MIpOCP)
problems. The key idea there was the introduction of a cutting plane generation procedure for approximately
solving continuous pOCP relaxations. In the next subsection we are going to demonstrate that a similar approach
is applicable in the more general setting considered in the current paper. In fact, certainty-equivalent constraints
can be naturally viewed as the most general setting which still allows for direct application of the considered
dimensionality reduction techniques.

3.2 Lifted Approximation Procedure

In the context of MISOCP problems, efficient (in the dimensionality and number of facets) polyhedral approxima-
tions of second-order cones due to Ben-Tal and Nemirovski Ben-Tal and Nemirovski (2001) are available, which
are constructed via a two-step procedure. During the first step, a lifting technique, which the authors called “tower
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of variables”, was used to express the high-dimensional second-order cone set via a number of two-dimensional
second-order cones, and then a clever lifting approximation procedure was applied to the resulting low-dimensional
second-order cone sets. In our previous work (Vinel and Krokhmal, 2014b) dealing with general p-order cones, the
second step of this procedure was replaced by a simpler gradient-based approximation, which could be constructed
via an efficient cutting plane technique. Here we again resort to the first-step lifting procedure from Ben-Tal and
Nemirovski (2001), and then investigate the problem of constructing polyhedral approximations of the resulting
low-dimensional sets using a cutting plane method.

Let us denote the set described by constraint (2a) as

V .mC1/ WD
�

w 2 RmC1C

ˇ̌̌̌
w0 � v

�1
� mP
jD1

pj v.wj /
��
; (6)

where, in order to unclutter the notation, we omit the dependence of V .mC1/ on parameters pj and function v.
We will call set (6) a “V -set”. Note also that from here on we assume that w 2 RmC1C in order to simplify the
exposition. Analogous analysis can be conducted when this condition does not hold.

Proposition 3.1 (Tower-of-variables). Given pj > 0, j D 1; : : : ; m; and a function v that satisfies assumptions
(i)–(iii), there exist values ˇ1; : : : ; ˇ2m�2 > 0 such that the projection of the 2m-dimensional set

eV .2m/ WD ˚w 2 R2mC
ˇ̌
w0 D w2m�1;

wmCj � v
�1
�
ˇ2j�1v.w2j�1/C ˇ2j v.w2j /

�
; j D 1; : : : ; m � 1

	
;

(7)

onto the space of variables w0; : : : ; wm coincides with set V .mC1/. Moreover, ǰ can be selected in such a way
that ˇ2j�1 C ˇ2j D 1 for j D 1; : : : ; m � 1.

Proof for this and some of the other results can be found in the appendix. Proposition 3.1 reduces the problem of
constructing a polyhedral approximation for .m C 1/-dimensional V -set (6) to that for m � 1 three-dimensional
(3D) V -sets V .3/ in (7),

V .3/ WD
˚
w 2 R3C

ˇ̌
w0 � f .w1; w2/

	
; (8)

where f .w1; w2/ WD v�1
�
ˇ1v.w1/C ˇ2v.w2/

�
: By an approximation of the set V .mC1/ we will understand the

set

V .mC1/" WD

�
w 2 RmC1C

ˇ̌̌̌
.1C "/v.w0/ �

mP
jD1

pj v.wj /

�
: (9)

Such a definition allows one to connect approximation accuracy of a single three-dimensional constraint in the
tower-of-variables construction with that of the high-dimensional constraint.

Proposition 3.2. Consider set V .mC1/ and its lifted representation eV .2m/. If each of the triples in representationeV .2m/ satisfies .wmCj ; w2j�1; w2j /> 2 V .3/
ı

for a given ı > 0, then .w0; : : : ; wm/> 2 V .mC1/" , where " �
.1C ı/dlog2N e � 1 D dlog2N eı CO.ı

2/:

Proof. The claim can be verified directly by expanding the tower-of-variables (see also Vinel and Krokhmal
(2014b), Proposition 3.2).

Along with the above definition V .mC1/" of an "-approximation of a V -set, we could also consider two additional
approximation approaches

V .3/" WD
˚
w 2 R3C

ˇ̌
v
�
.1C "/w0

�
� ˇ1v.w1/C ˇ2v.w2/

	
;

V
.3/

" WD
˚
w 2 R3C

ˇ̌
v.w0 C "/ � ˇ1v.w1/C ˇ2v.w2/

	
:

(10)

(11)

The set V .3/" is a direct extension of the approximation used in the case of conic sets (see, for example, Ben-

Tal and Nemirovski, 2001), while set V
.3/

" represents an absolute error "-approximation of the V -set. It should
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be emphasized here that only (9) allows for a natural accuracy propagation analysis for the tower-of-variables
construction as in Proposition 3.2.

Since the relaxed feasible set considered in the current work is convex, a cutting plane defined as

w0 � f .w
�
1 ; w

�
2 /C f

0
w1
.w�1 ; w

�
2 /.w1 � w

�
1 /C f

0
w2
.w�1 ; w

�
2 /.w2 � w

�
2 /; (12)

which is tangent to the 3-dimensional set V .3/ at point .f .w�1 ; w
�
2 /; w

�
1 ; w

�
2 /, is globally feasible. Hence, the

following general framework can be applied. We will consider a master problem in the form of (1), where nonlinear
constraint is substituted with a set of cutting planes (12):

min c>x

s. t. wmCj � f
�
w
kj

1 ; w
kj

2

�
C f 0w1

�
w
kj

1 ; w
kj

2

��
w2j�1 � w

kj

1

�
C f 0w2

�
w
kj

1 ; w
kj

2

��
w2j � w

kj

2

�
; j D 1; : : : ; m � 1; kj D 1; : : : ; Kj ;

(1c), (2b), (2c);

where Kj is the number of cutting planes on variables wmCj ; w2j�1; w2j for all j , derived around the pairs�
w
kj

1 ; w
kj

2

�
, kj D 1; : : : Kj . Then, given a current solution w� of the master problem, we can add new constraints

around pairs
�
w�2j�1; w

�
2j

�
, for those j for which the selected approximation condition is violated. Afterwards,

the master can be resolved and the iterative process continues. Because of the lack of conic property an additional
scheme must be employed ensuring that the procedure terminates after a finite number of iterations. Whenever the
current solution of the master is such that k.w1; w2/k2 � ‚, then in addition to the regular constraint described
above, we add a cutting plane tangent to the p-order cone, i.e.,

w0 � ˇ
1=p
1 w1

cosp�1 ��

.cosp �� C sinp ��/1�1=p
C ˇ

1=p
2 w2

sinp�1 ��

.cosp �� C sinp ��/1�1=p
; �� D arctan

ˇ
1=p
1 w�2

ˇ
1=p
2 w�1

;

where ‚ is a preselected parameter.

These additional cutting planes do not violate the original certainty equivalent constraint. Indeed, if we assume
that v.t/ D ˛tp C o.tp/ if t ! 0 then the following result can be obtained using standard calculus techniques.

Lemma 3.3. If function v is finite, strictly increasing and convex on t � 0 and v.t/ D ˛tpCo.tp/ as t ! 0, then
v�1.�/ D ˛�

1=p�
1=p C o.�

1=p/.

This claim allows us to establish the asymptotic behavior of function f around zero. Indeed, observe that
f .w1; w2/ D v�1

�
ˇ1v.w1/C ˇ2v.w2/

�
D v�1

�
ˇ1˛w

p
1 C ˇ2˛w

p
2 C o.w

p
1 C w

p
2 /
�
D .ˇ1w

p
1 C ˇ2w

p
2 /

1=p C

o
�
k.w1; w2/kp

�
. Moreover, since function f is convex, any plane tangent to this p-order cone defined by con-

straint w0 � .ˇ1w
p
1 C ˇ2w

p
2 /

1=p is a supporting plane for epif by definition.

The next result establishes finiteness of the described approximation procedure.

Proposition 3.4. Suppose that for a given solution w� of the master, cuts in the form of (12) are added around all
triples .w�mCj ; w

�
2j�1; w

�
2j /
> … V .3/" , where j 2 f1; : : : ; m� 1g and the described above auxiliary approximation

scheme is applied. Assuming that the feasible region is bounded, this cutting plane procedure terminates after a
finite number of iterations for any given " > 0.

The formulated above approximation procedure represents an extension of the cutting plane method for p-order
cone programming problems developed in the authors’ recent work (Vinel and Krokhmal, 2014b).

Note that Proposition 3.4 does not exclude situations when the original problem is infeasible but its "-
approximation is feasible for every " > 0. Conditions ensuring that this is not the case can be constructed
analogously to the ones presented in (Ben-Tal and Nemirovski, 2001, Section 4).
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Also observe that once a solution with a desired accuracy " is found, an improved "1-approximate solution, where
"1 < ", can be constructed by adding new cutting planes without restarting the algorithm. In other words, the
described cutting plane procedure can be considered as an exact solution method. In Vinel and Krokhmal (2014b)
it has been shown that a cutting plane approximation procedure is guaranteed to terminate with "-feasible solution
in O."�1/ iterations for p-order cone programming and O."�0:5/ in the case of second-order cones. Yet, an upper
bound on the number of iterations that can be obtained from the proof of Proposition 3.4 (see the Appendix) would
be rather large due to the way the proof is constructed. It can be shown that this bound is at least not better than
O."�1:5/, where the corresponding “big-O” constant is very large. At the same time, all our experiments with both
conic and non-conic problems suggest that in practice only a small fraction of all possible facets is generated, i.e.,
the fact that this bound can be rather loose may not be detrimental to real-life computational performance.

3.3 Branch-and-Bound Method

The constructed approximation procedure can be incorporated in a branch-and-bound method similar to the one
proposed in Vielma et al. (2008). We consider a master mixed-integer linear programming (MILP) problem (de-
noted as P1), which is constructed from problem (1) by substituting the nonlinear constraint with a set of initial
cutting planes of the form (12). The solution procedure consists of applying a regular branch-and-bound method
to P1, with two adjustments. First, lower bounds obtained from the continuous relaxations of P1 are found by
applying the approximation scheme due to Proposition 3.4 with a preselected value of " D "1. Note that it is not
necessary to remove any of the added cutting planes before proceeding to the next node of the solution tree, since
these constraints are globally feasible. Second, when an integer-valued solution of P1 is found, in order to check
its feasibility with respect to the exact nonlinear formulation and declare incumbent or branch further, the exact
continuous relaxation of P1 must be solved with bounds on the relaxed values of variables x determined by the
integer-valued solution in question (see, Vielma et al. (2008) for more details and formal analysis). In order to
solve the exact relaxation, we once again employ Proposition 3.4, that is to say, we construct a second problem P2,
which represents a continuous relaxation of (1). In this case, we solve it using the same cutting plane procedure
due to Proposition 3.4 but with " D "2 � "1 instead. A sufficiently small value of "2 guarantees an essentially
exact solution.

It has been previously observed (see, Vielma et al. (2008); Vinel and Krokhmal (2014b)) that "1 can be selected to
be relatively large and still provide promising computational results, which explains the relation "2 � "1 above.
Note also that in this case the described procedure can be viewed as a repetitive resolving of relatively small-
scale LP problems P1, which can benefit from warm-start routines, guided by a regular branch-and-bound, with
occasional calls to a larger-scale P2.

4 Valid Inequalities

4.1 Existing Approaches

It is well-known in the literature that valid inequality theory has been essential in development of efficient solvers,
particularly in mixed-integer linear programming (MILP). Building on this success, various approaches to generat-
ing valid inequalities have been proposed for mixed-integer nonlinear programming (MINLP) problems. To name
a few: mixed-inter rounding (MIR) and conic lifted cuts for conic programming problems have been proposed in
Atamtürk and Narayanan (2010, 2011); cutting plane theory in 0-1 mixed-convex programming have been studied
in Stubbs and Mehrotra (1999); Chvatal-Gomory cuts in conic programming were proposed in Çezik and Iyengar
(2005); lift-and-project cuts have been considered in Bonami (2011). There have also been a series of publica-
tions addressing possible approaches to designing disjunctive (or split) cuts in MINLP (for example, Saxena et al.
(2008); Burer and Saxena (2012); Cadoux (2010); Kılınç et al. (2010); Modaresi et al. (2015) among others).

In this section we consider two approaches for generation of valid inequalities for the MINLP problem (1). First,
we discuss lifted nonlinear cuts building on the developments in Atamtürk and Narayanan (2011) and Vinel and
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Krokhmal (2014a). Then we will present a simple geometric argument that allows us to construct a class of linear
disjunctive cuts valid for our feasible set.

4.2 Lifted Nonlinear Cuts

A lifting procedure for conic mixed-integer programming has been proposed in Atamtürk and Narayanan (2011).
Authors introduced a lifting scheme, which provides a way of generating new conic valid inequalities for mixed-
integer conic sets. We have employed this approach for solving MIpOCP problems in Vinel and Krokhmal (2014a)
and obtained promising numerical results for a class of risk-averse portfolio optimization models. While this
technique has been proposed as a way to generate conic cuts for conic feasible sets, we show next that it can be
extended for V -sets as well. As it will be clear from our discussion below, our main contribution here lies in
the reformulation of the procedure in nonconic terms, while all of the proofs directly follow from the previous
developments in Atamtürk and Narayanan (2011); Vinel and Krokhmal (2014a).

In this section we will closely follow the notation introduced in Atamtürk and Narayanan (2011). Once again,
consider set V.mC1/ defined by (6). It is going to play the role of conic feasible set used in Atamtürk and Narayanan
(2011). We can then define

T n.b/ WD
�

xi 2 X i
ˇ̌̌̌
b �

nP
iD0

Aixi 2 V.mC1/
�
; (13)

where each X i is a mixed-integer set in Rni and Ai and b are of appropriate dimensions. It is also assumed that
0 2 X i for all i . Suppose that u W R 7! R satisfies the same assumptions as function v and construct set U .mC1/
analogously to V.mC1/. Let us further assume that inequality g � F0x0 2 U .mC1/ is valid for T 0.b/. Given that
V.mC1/ and U .mC1/ are proper cones (Atamtürk and Narayanan, 2011) presents a lifting procedure for computing

F` 2 Rn` for ` D 1; : : : ; i so that cut g�
iP̀
D0

F`x` 2 U .mC1/ is valid for T i .b/. Next, following that approach we

can directly apply it to the case of V -sets V.mC1/ and U .mC1/. Let us define a lifting set ˆi .v/ as

ˆi .v/ WD
�

d 2 Rp
ˇ̌̌̌
g �

nP
iD0

Fixi � d 2 U .mC1/ for all .x0; : : : ; xi / 2 T i .b � v/
�
:

Recall also that a parametrized set ˆ.v/ is called superadditive on Rm if ˆ.u/C ˆ.v/ � ˆ.uC v/ for all u and
v, where ˆ.u/Cˆ.v/ denotes the usual Minkowski sum, and symbol � denotes a not necessarily strict inclusion.

Theorem 4.1. 1. ˆi .v/ is closed and convex.

2. 0 2 ˆi .0/

3. ˆiC1.v/ � ˆi .v/

4. F1; : : : ;FiC1 generate a valid inequality for T iC1.b/ iff FiC1xi 2 ˆi .AiC1xi / for all xi .

5. If �.v/ � ˆ0.v/ is superadditive, then F1; : : : ;FiC1 generate a valid inequality for T iC1.b/ whenever
FiC1xi 2 �.AiC1xi / for all xi .

Since the arguments establishing the analogous results in Atamtürk and Narayanan (2011) do not rely on the conic
assumption, we believe it is unnecessary to repeat those here. Similarly, our previous results for p-order cones (i.e.,
V.mC1/ D f.x0; x/ 2 RmC1 j x0 � kxkpg) in Vinel and Krokhmal (2014a) can be applied for V -sets. Namely, we
consider set bT n.b/ as

bT n.b/ WD (.x; y; t/ 2 ZnC �R2C

ˇ̌̌̌
ˇ v
 �

nP
iD1

aixi � b

�
C

!
C v.y/ � v.t/

)
;

and then show that the following claim holds.
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Proposition 4.2. Inequality

v

 �
.1 � f /.x � bbc/C

nP
iD1

˛ixi

�
C

!
C v.y/ � v.t/ (14)

is valid for bT n.b/, where Œa�C D maxf0; ag, ˛i D
�
ai � b C bbc.1 � f /

M

�
C

, f D b � bbc, and M is a constant

such that xi �M for all i .

This result is a very limited application of Theorem 4.1. Indeed, here we are considering the case when the
set U .mC1/ is the same as the initial set V.mC1/ and, moreover, not only all the analysis is restricted to three-
dimensional nonlinear constraints, but also the second dimension (represented by variable y) is assumed to be
continuous (in other words, integral structure of the second dimension is relaxed). Despite these simplifications, it
was demonstrated in Vinel and Krokhmal (2014a) that such an approach may yield promising computational results
in MIpOCP problems. In Section 5 we will numerically analyze this procedure in mixed-integer programming with
certainty equivalent constraints. In fact, two of these stipulations can be viewed as natural assumptions for the task
of deriving valid inequalities in our case. Observe that due to the tower-of-variables technique presented in Section
3 the constraints are already represented in three-dimensional form, and furthermore, it is also highly undesirable
from computational perspective to consider U .mC1/ different from initial set V.mC1/, since this would result in
additional numerical challenges associated with the new type of nonlinearity introduced to the problem.

4.3 Linear Disjunctive Cuts

Throughout this section we will use the following notation: Nx D .x0; x/ 2 RnC1. We will also reformulate
certainty equivalent constraint as

Nx 2 K; K WD
˚
Nx 2 RnC1

ˇ̌
F.x/ � x0

	
; F .x/ WD v�1

�
mP
jD1

v
�
ja>j xC bj j

��
; x 2 ZnC: (15)

Note that here we consider F.x/ WD v�1
� mP
jD1

v
�
ja>j x C bj j

��
instead of possible F.x/ WD v�1

� mP
jD1

v.Œa>j x C

bj �C/
�

, which would be in accordance with the stochastic programming motivations. Such a choice simplifies
some of our development below, and since it results in a relaxed set K, any valid inequality obtained for K will be
valid for problem (1) as well.

Disjunctive or split cuts have been extensively studied in the literature, especially when applied to MIP problems
(Balas, 1971). This approach is based on an intuitive idea: consider disjunction xk � �0_xk � �1 D �0C1 with
�0 2 ZC, where k 2 1; : : : ; n is preselected. Due to integrality condition there are no feasible solutions outside of
this disjunction, hence, system (15) implies that

Nx 2 conv
��
Nx 2 K
xk � �0

�[�
Nx 2 K
xk � �1

��
: (16)

Consequently, any inequality describing this convex hull is valid for the feasible region of (15). Moreover, in the
case of mixed-integer linear programming (MILP) all the sets involved (including the convex hull above) are poly-
hedral, which substantially simplifies the underlying procedures, and hence, increases the effectiveness of the cuts.
There also exists a considerable amount of literature on generalizing this approach for MINLP problems (Burer
and Saxena, 2012; Cadoux, 2010; Kılınç et al., 2010). Recently, various efforts to design nonlinear disjunctive cuts
have also been presented (see Andersen and Jensen (2013); Belotti et al. (2015); Bienstock and Michalka (2014);
Modaresi et al. (2015); Burer and Kılınç-Karzan (2014); Kılınç-Karzan (2016); Kılınç-Karzan and Yıldız (2015)).
Note that many of the mentioned works consider disjunctive cuts in settings much more general than the one con-
sidered here, albeit for more classical domains. In some cases (see, for example, Modaresi et al. (2015)) it may
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be possible to describe the convex hull (16) using a single nonlinear constraint; in particular, such a description is
available for second-order conic sets. Note that if such a nonlinear description is to be found and then used in a
numerical procedure to solve problem (1), then it is highly desirable for it to be expressed in the same form as the
nonlinear constraint already present in the problem. The descriptions obtained in the literature for mixed-integer
second-order cone programming express the convex hull of the disjunction in terms of quadratic sets, essentially
preserving the second-order conic nonlinearity in many practical cases, thus justifying the approach.

Consider convex hull (16) with a certainty equivalent set (15). From the computational perspective it is desirable
that its description is itself represented in terms of function F defined in (15). On the other hand, consider support-
ing hyperplanes to the convex hull (16). By definition, the intersection of at least some of them with the convex hull
is a straight line segment in between xk D �0 and xk D �1. Yet, the boundary of a set defined in terms of function
F does not in general contain such segments, since it is nonconic. Thus, a closed-form description of the convex
hull (16) cannot be in general expressed in terms of function F alone, meaning that it may be computationally
inefficient to construct nonlinear disjunctive cuts for K.

In the reminder of this section we will propose an intuitive idea for a procedure aimed at avoiding difficulties
associated with the general disjunctive cut generation techniques available in the literature by exploiting specific
structural properties of (16). Suppose that we have selected a point Nx0 2 K such that x0

k
D �0, i.e., Nx0 is located

on one side of the disjunction. Given such a Nx0, find Nx1 2 K such that x1
k
D �1 and @.k/F.x1/ \ @.k/F.x0/ ¤ ;,

where subdifferential @.k/ is taken with respect to variables xi , i ¤ k. A linear disjunctive cut is then constructed
as a constraint

P
i

˛ixi C ˇ � x0, where .˛1; : : : ; ˛k�1; ˛kC1; : : : ; ˛n/> 2 @.k/F.x0/ \ @.k/F.x1/, while ˛k and

ˇ are selected in such a way that
P
i

˛ix
0
i C ˇ D x00 and

P
i

˛ix
1
i C ˇ D x10 . Geometrically it means that the

constructed hyperplane passes through both Nx0 and Nx1 and is supporting to both sides of the disjunction at these
points. Clearly, convexity of K implies that this cut is valid.

The described procedure can be formulated as follows. Given Nx0 2 Rn � R, k 2 f1; : : : ; ng, �0; �1 2 Z, and
function v W R 7! R, find Nx1 2 Rn �R and .˛; ˇ/ 2 Rn �R such that8̂̂̂̂

ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂:

nP
iD1

˛ix
0
i C ˇ D x

0
0

nP
iD1

˛ix
1
i C ˇ D x

1
0

x0k D �0

x1k D �1

F.x0/ D x00
F.x1/ D x10
.˛1; : : : ; ˛k�1; ˛kC1; : : : ; ˛n/

>
2 @.k/F.x0/ \ @.k/F.x1/:

(17a)

(17b)

(17c)

(17d)

(17e)

(17f)

(17g)

Let us denote by P the half space valid for the linear cut
nP
iD1

˛ixiCˇ � x0, i.e., P WD
˚
Nx 2 RnC1

ˇ̌ nP
iD1

˛ixiCˇ �

x0
	
: By @K and @P we will understand the boundaries of these sets. In Proposition 4.5 below we establish validity

of this approach Since the development presented in this section does not rely on any previously established results
in the literature, we give the proofs here rather than moving them to the appendix.

Lemma 4.3. The following statements hold:

(i) Nxi 2 @K for i D 0; 1;

(ii) Nxi 2 @P for i D 0; 1;

(iii) if Nx … P and xk D �0, then Nx … K;
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(iv) if Nx … P and xk D �1, then Nx … K.

Proof. Claims (i) and (ii) follow immediately from (17a)–(17b) and (17e)–(17f). In order to see that (iii) holds,
note that (17) implies that on the space restricted by xk D �0 the set @P is a supporting hyperplane for the set @K,
which immediately implies (iii). Analogous observation holds for (iv).

Lemma 4.4. The following statemets hold:

(i) if Nx 2 @P and xk < �0, then Nx … intK;

(ii) if Nx 2 @P and xk > �1, then Nx … intK.

Proof. First, consider claim (i). Suppose that the contrary holds, i.e., Nx 2 intK. Then, there exists an " > 0

such that Ny D .x0 � "; x/ 2 K and Ny … P . Now consider the segment connecting points Ny and Nx1, i.e., the set
f�NyC .1 � �/Nx1 j� 2 Œ0; 1�g DW T . Since both Ny 2 K and Nx1 2 K, then T � K. Since �0 < �1 and xk < �0,
then there exists Nz D .´0; z/ 2 T such that ´k D �0. At the same time, Nz … P as Ny … P while Nx1 2 @P . Thus, by
Lemma 4.3 (iii) one has that Nx … K, which contradicts the assumption above. Hence, claim (i) holds. Statement
(ii) can be proved analogously.

Proposition 4.5. If Nx 2 K and xk … Œ�0; �1�, then Nx 2 P .

Proof. Assume the contrary, i.e., that Nx … P , which means that
nP
iD1

˛ixi C ˇ > x0. Then, there exists Ny D

.x0C"; x/ 2 @P (take " D
nP
iD1

˛ixiCˇ�x0). Moreover, Ny 2 intK by definition. If xk < �0, then this conclusion

contradicts Lemma 4.4 (i), otherwise, xk > �1 and the conclusion above contradicts Lemma 4.4 (ii).

This result guarantees that the cut generated by (17) is feasible for (16). Moreover, it is easy to see that for any
Q̌ > ˇ and Q̨ D ˛ the corresponding cut is not feasible due to Lemma 4.3 (i). Hence, system (17) produces a tight

cut in the sense that it cannot be improved by an affine transformation.

Observe that Nx.1/ 2 Rn�R and .˛; ˇ/ 2 Rn�R are the unknowns in the system (17). Given a specific value of x1 2
Rn such that @.k/F.x.0//\@.k/F.x.1// ¤ ;, x10 is uniquely defined by (17f), vector .˛1; : : : ; ˛k�1; ˛kC1; : : : ; ˛n/>

can be selected according to (17g), and ˛k and ˇ are fixed by (17a) and (17f). Thus, the most challenging step in
this procedure is the selection of x1 satisfying @.k/F.x.0// \ @.k/F.x.1// ¤ ;. In the end of this section we will
show that such x1 can always be found, but let us first note that this step can be numerically cumbersome since
function F defined in (15) is only piecewise continuously differentiable. Consequently, we propose to employ
another approximation procedure in order to achieve this goal. Namely, we consider substituting jt j Ñ

p
t2 C ı,

and hence, defining QF .x/ WD v�1
�

mP
jD1

v
�q

.a>j xC bj /2 C ı
��

. Then, QF is continuously differentiable and in

order to find x1 we need to solve a system of nonlinear equations with a given x0 @ QF
@xi
.x1/ D @ QF

@xi
.x.0//; i D

1; : : : ; k � 1; k C 1; : : : ; n: After this system is solved, the validity of the found x1 can be verified directly by
comparing @.k/F.x.0// and @.k/F.x.1//.

In order to establish existence of vector x1, let us introduce some additional notation. Without loss of generality,
we will assume that k D 1, and define Qaj D .a2j ; : : : ; anj /> for all j , QA D . Qa>1 I : : : I Qa

>
m/ and Qx D .x2; : : : ; xn/>,

i.e, expressions with tildes represent the values restricted to variables .x2; : : : ; xn/. Let us also define F `.Qx/ WD
v�1

�P
j

pj v
�
jQa>j QxC bj C a1j�`j

��
for ` D 0; 1.

Proposition 4.6. Assuming that QA is full rank, for any Qx0 there exists Qx1 such that @F 1.Qx1/ \ @F 0.Qx0/ ¤ ;.
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Proof. Let us consider vector ˛ 2 @F 0. Qx1/. By definition ˛ gives us a supporting hyperplane to epiF 0 at point
Qx0. Let us denote this hyperplane as P 0. The full rank of QA guarantees that this hyperplane is non-degenerate, i.e.,
both functions F ` substantially depend on all variables Qx. In order to show that the claim of the proposition holds,
we need to establish that there exists a supporting hyperplane to epiF 1 which is parallel to P 0.

First, let us assume that there exists a constant M such that epi.F 1 CM/ � epiF 0. Then, the hyperplane P 0 is
valid for epi.F 1CM/ (meaning that it does not intersect with it). In this case, since domF ` D Rn�1, there exists
a vertical translation of P 0, which is supporting to epi.F 1 CM/. Clearly, this immediately implies the claim of
the proposition.

Now, we will show that such a constant exists. Let us introduce an auxiliary variable vector w 2 Rm and functions
G`.w/ WD v�1

�P
j

pj v
�
jwj C bj C a1j�`j

��
, i.e., G`.w/ D F `.Qx/ if wj D Qa>j Qx for j D 2; : : : ; m and ` D 0; 1.

Clearly, both G` are proper and convex and domG` D Rm. Consider recession function G`0C of G` (see,
e.g., Rockafellar (1997) for details), .G`0C/.w/ D lim�#0 �G

`.��1w/ D lim�#0 �v
�1
�P
j

pj v
�
j��1wj C bj C

a1j�`j
��
: Observe that since v�1.0/ D 0 and v�1 is nondecreasing and concave, then v�1.mt/ � mv�1.t/. With

this in mind,
.G`0C/.w/ � lim

�#0
�v�1

�
mmax

j

n
v
�
j��1wj C bj C a1j�`j

�o�
� lim
�#0

mmax
j

n
jwj C �.bj C a1j�`/j

o
D mmaxfjwj jg < C1:

Hence, dom.Gl0C/ D Rm, which implies that G` is Lipschitz continuous on Rm with Lipschitz constant L D
supf.G`0C/.w/ j kwk D 1g (see, for example, Auslender and Teboulle (2003), Proposition 2.5.5). Further, note
thatG0.w/ D G1.wC�/, where�j D a1j�0�a1j�1. Thus, jG1.w/�G0.w/j D jG1.w/�G1.wC�/j � Lk�k.
Finally, if we set wj D Qa>j Qx, then jF 1.Qx/ � F 0.Qx/j D jG1.w/ � G0.w/j � M , if M D Lk�k < C1, which
completes the proof.

If the cut generation procedure is implemented in a branch-and-bound setting, it can be assumed that a solution
of a relaxed problem Nxrelax is known beforehand. Hence, it is natural to select k 2

˚
f1; : : : ; ng

ˇ̌
xrelax
k
… Z

	
,

�0 D bx
relax
k
c and �1 D �0 C 1. Since the goal of generating a valid inequality is to cut off Nxrelax, then it is also

natural to pick Nx0 according to x0i D x
relax
i , for i ¤ k, x0

k
D �0 and x00 D F.x

0/.

Before concluding this section, we would like to emphasize that the proposed procedure is not a general way to
generate a split closure for feasible set (15). Alternatively, we view it as a quick and simple numerical technique
to find a valid inequality that can cut off the current non-integral solution in a branch-and-cut framework.

5 Numerical Experiments

In this section we will report the results of numerical case studies designed to evaluate the performance the pro-
posed techniques. As it has been discussed in the introduction, our main interest in the problem class considered
in this paper stems from risk-averse approaches to stochastic programming, and hence we base our numerical
experiments on this application area.

5.1 Model Formulation

According to discussion in Section 2, a scenario-based formulation for risk-minimization problem
minf�.X.x; !// j x 2 X g, where � is a certainty equivalent measure of risk, X.x; !j / D a>j x C bj , and
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x 2 Zn1 �Rn2 , reduces to

min �C
1

1 � ˛
t

s. t. t � v�1
� mP
jD1

pj v.wj /
�

wj � a>j xC bj � �; j D 1; : : : ; m

x 2 Zn1 �Rn2 ; w � 0; � 2 R:

(18a)

(18b)

(18c)

(18d)

Here, function v is nondecreasing, convex and such that v�1
� mP
jD1

pj v.wj /
�

is convex in w. Some of the promising

choices for v have been discussed in Vinel and Krokhmal (2015). Particularly, v.t/ D Œt �C leads to the definition of
Conditional-Value-at-Risk (CVaR), a popular risk measure in many stochastic programming applications Rockafel-
lar and Uryasev (2000, 2002). It has also been observed (see, e.g., Krokhmal (2007); Vinel and Krokhmal (2015))
that v.t/ D Œt �

p
C for p > 1 and v.t/ D eŒt�C � 1 can lead to some encouraging decision making performance in

the presence of the so-called heavily tailed distributions of risks.

Computationally, problem (18) with linear v.t/ D Œt �C reduces to a linear mixed-integer programming problem,
while v.t/ D Œt �pC results in a MIpOCP problem, both of which have been studied before as previously discussed.
Since the solution approaches proposed in the current paper are targeted towards the more general non-conic cases,
in our numerical experiments here we concentrate on v.t/ D eŒt�C � 1, which has been referred to in Vinel and
Krokhmal (2015) as Log-Exponential Convex Risk (LogExpCR) measure.

We use financial portfolio optimization model as the basic decision making problem in our study. It is often used
as a test model in risk-averse stochastic optimization literature, and additionally, enjoys abundance of real-life
historic data. In a standard risk-reward portfolio selection problem, a set of n financial assets is considered. The
loss is defined as the negative portfolio return, X.x; !/ D �r.!/>x, where x stands for the vector of portfolio
weights, and r D r.!/ is the uncertain vector of assets’ returns. Consequently, the goal is to select portfolio
weights x in such a way that the risk associated with this choice, as evaluated by a risk measure �, is minimized,
while maintaining a certain predefined value of the expected return (reward):

min
x2Rn
C

n
�.�r>x/

ˇ̌̌
E.r>x/ � Nr; 1>x � 1

o
; (19)

where Nr is the prescribed level of the expected return, x 2 RnC denotes the no-short-selling requirement, and
1 D .1; : : : ; 1/>.

We consider two types of investment constraints that lead to mixed-integer portfolio optimization problems. In
many floor trading systems, transactions are only allowed in lots of shares (e.g., in multiples of 1,000 shares),
which leads to a lot-buying constrained portfolio optimization model:

min
x2Rn
C
; z2Zn

C

�
�.�r>x/

ˇ̌̌̌
E.r>x/ � Nr; 1>x � 1; x D

l

c
Diag.$/ z

�
; (20)

where l is the lot size, c is the dollar value of the available capital, and vector $ 2 Rn represents the prices of
assets. Similarly, it may be desirable for a portfolio to contain no more than a prescribed number of assets, which
leads to cardinality-constrained portfolio optimization model:

min
x2Rn
C
; z2f0;1gn

n
�.�r>x/

ˇ̌̌
E.r>x/ � Nr; 1>x � 1; x � z; 1>z � q

o
; (21)

where q is the maximum number of assets in the portfolio.

If historical data (scenarios) for the assets’ returns is known, then problem (19) with a LogExpCR risk measure
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can be formulated in the form of (18):

min �C .1 � ˛/�1t

s. t. t � ln
�

mP
jD1

pj e
wj

�
;

wC .r1; : : : ; rN />xC 1� � 0;

x>
�P
j

pj rj
�
� Nr;

1>x � 1; x � 0; w � 0:

(22)

Problems (20) and (21) can be reformulated accordingly.

Scenario sets for the above stochastic programming formulations were constructed using historical data for n ran-
domly chosen NYSE-traded stocks, and comprised closing prices from 5,100 consecutive trading periods preceding
December 2012. In particular, m equiprobable scenarios for the elements of the stochastic vector r were con-
structed using m consequent 10-day (i.e., biweekly) asset returns starting at a common randomized date. The fol-
lowing parameter values were used in all problem instances: l D 1000, c D 100;000,Q D 5, ˛ D 0:9, Nr D 0:005.
Historical values of the assets’ returns have been scaled by a factor MUL, i.e., rij D MUL$i;jC10�$i;j

$i;j
, where

$i;j is the closing price of asset i at day j . Note that since LogExpCR measure is not positively homogeneous,
the value of MUL has an impact on the resulting decisions (see Vinel and Krokhmal (2015) for more details).

5.2 Preliminary Study: Approximation Method for Convex Portfolio Optimization

As a preliminary computational study, we performed experiments with the convex formulation (19). Our goal here
was to test the performance of the proposed cutting plane approximation procedure compared to the existing exact
approaches. Namely, we implemented the iterative algorithm presented in Section 3.2 using CPLEX LP solver for
iteratively resolving the master problem and compared it against MOSEK NLP interior point solver.

In addition, we also implemented a simpler version of the iterative approximation approach, which is applicable
for the case of exponential constraints. This scheme follows the same iterative master cutting plane approach, but
without the lifting procedure. Observe that using a simple variable substitution, the log-exponential constraint in

(22): t � ln
� mP
jD1

pj e
wj

�
can be equivalently expressed as

P
j

pj �j � 1; ewj�t � �j ; �j � 0; j D 1; : : : ; m:

Consequently, (one-dimensional) cutting planes in this case can be constructed as tangent to the nonlinear con-
straint ex � y. In the remainder of this section we will refer to this approach as simple approximation procedure.
Our aim here is to verify whether the lifting procedure presented in Section 3.2 is superior to this more straightfor-
ward approach.

Results of this study are summarized in Table 1. For each pair of the number of assets n, the number of scenar-
ios m and the value of scaling parameter MUL we generated 20 random instances based on the historical data as
described above. The columns “MOSEK”, “Simple” and “CP” correspond to the average solution time (in sec-
onds) used by MOSEK NLP solver, iterative procedure based on simple approximation and lifted cutting planes
procedure presented in Section 3.2 respectively. Column “MOSEK-CP” reports maximum absolute difference in
portfolio values obtained with MOSEK and lifted cutting planes procedure, while column “MOSEK-SA” contains
the maximum absolute difference between MOSEK and the simple approximation. The approximation accuracy
as well as CPLEX and MOSEK feasibility and optimality tolerances were set to 10�6. Value “***” corresponds to
the instances for which MOSEK returned an infinite portfolio value.

Observe that for all instances the lifted approach outperforms the simple approximation both in terms of solution
time and accuracy, hence we can conclude that the introduction of the lifting in Section 3.2 is a necessary step in
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Table 1: Performance of the solvers for convex portfolio optimization problems.

MUL D 1 MUL D 10000
n m MOSEK Simple CP MOSEK-SA MOSEK-CP MOSEK Simple CP MOSEK-SA MOSEK-CP

20 100 0.11 0.13 0.07 1.64E-04 3.00E-06 0.11 0.09 0.05 6.00E-04 0.00E+00
200 0.07 0.32 0.08 1.14E-05 2.00E-07 0.21 0.25 0.08 1.50E-03 1.00E-04
500 0.14 1.72 0.2 3.30E-05 1.00E-06 0.5 0.92 0.17 1.20E-03 0.00E+00

1000 0.28 7.03 0.55 3.10E-05 1.00E-06 1.69 2.89 0.30 7.00E-03 0.00E+00
2000 0.66 29.26 1.57 3.40E-05 2.00E-06 2.44 11.01 0.58 6.00E-03 0.00E+00
5000 5.83 209.2 5.54 1.71E-03 1.00E-06 8.74 77.57 1.41 4.00E-02 0.00E+00

50 100 0.08 0.09 0.03 2.52E-04 0.00E+00 0.09 0.1 0.05 1.00E-03 0.00E+00
200 0.17 0.36 0.07 4.60E-05 1.00E-06 0.19 0.28 0.09 8.00E-04 0.00E+00
500 0.25 2.44 0.28 8.50E-06 1.30E-06 0.99 1.12 0.24 1.00E-03 0.00E+00

1000 0.53 10.73 0.94 1.10E-05 6.00E-07 3.56 3.26 0.48 9.00E-03 0.00E+00
2000 0.99 47.65 2.29 4.20E-05 1.00E-06 6.09 12.15 0.99 3.00E-03 0.00E+00
5000 5.83 347.72 9.21 8.03E-04 2.00E-06 25.93 74.6 2.41 *** ***

100 100 0.2 0.11 0.03 1.12E-04 0.00E+00 0.11 0.1 0.04 3.00E-03 3.00E-03
200 0.23 0.47 0.08 0.00E+00 2.00E-06 0.23 0.29 0.09 1.00E-03 0.00E+00
500 0.87 3.46 0.37 5.40E-06 8.00E-07 3.13 1.28 0.31 1.50E-03 2.00E-04

1000 1.81 17.73 1.55 1.05E-05 8.00E-07 8.82 3.79 0.69 8.10E-03 0.00E+00
2000 2.53 79.85 2.72 1.50E-05 1.00E-06 12.12 14.99 1.65 5.00E-03 1.00E-03
5000 14.67 458.29 22.37 6.88E-04 2.00E-06 56 77.15 2.97 *** ***

200 100 0.12 0.11 0.03 7.10E-05 1.00E-06 0.17 0.11 0.05 2.00E-03 2.00E-03
200 0.32 0.45 0.08 1.32E-04 1.00E-06 0.43 0.35 0.12 2.00E-03 1.00E-03
500 1.93 4.02 0.31 3.20E-06 9.00E-07 1.72 1.54 0.35 1.30E-03 1.00E-04

1000 5.63 23.79 1.38 5.49E-06 5.30E-07 17.71 5.24 1.02 7.64E-03 1.00E-05
2000 4.21 125.77 3.07 9.70E-06 5.00E-07 16.67 17.18 2.48 5.00E-03 0.00E+00
5000 21.41 700.39 59.05 5.17E-04 1.00E-06 104 74.34 3.90 *** ***

500 100 0.16 0.14 0.05 6.32E-04 1.00E-06 0.42 0.13 0.07 1.00E-03 0.00E+00
200 0.75 0.58 0.12 8.40E-05 3.00E-06 0.52 0.35 0.13 4.00E-03 4.00E-03
500 3.86 5.78 0.48 1.40E-06 3.00E-07 3.23 1.96 0.51 1.20E-03 1.00E-04

1000 21.02 42.64 2.00 -2.00E-07 4.00E-07 14.62 7.31 1.68 5.40E-03 1.00E-04
2000 87.45 308.63 4.59 1.30E-06 2.00E-07 332.82 27.64 7.31 *** ***
5000 143.58 1312.82 27.77 2.75E-04 1.00E-06 564.27 76.05 9.01 *** ***

average 10.86 124.72 4.90 1.90E-04 1.05E-06 39.58 16.47 1.31 4.77E-03 4.64E-04

our procedure. The lifted cutting plane approach returns portfolios that are mostly within the prescribed tolerance
from the exact solutions due to MOSEK. Note that since the values reported are absolute differences, they naturally
increase with the increase in the value of parameter MUL. Moreover, the approximation procedure finds these
solutions up to an order of magnitude faster than MOSEK for the instances with MUL D 10000 and large-scale
instances with MUL D 1 (recall that a change in the scaling parameter in fact changes the optimal solution, i.e.,
this scaling is more than a simple computational convenience). Additionally, MOSEK could not find an optimal
solution returning an infinite portfolio value for some instances with MUL D 10000, whence, this suggests that
the approximation based procedure may be more stable numerically.

It has been demonstrated in the literature that in the case of second-order cone programming a branch-and-bound
method based on polyhedral approximation procedure can still outperform conventional approaches even while
the approximation scheme itself may not result in computational improvement for the convex model (Glineur,
2000; Vielma et al., 2008). Our previous experience with solving p-order cone programming problems suggested
a similar conclusion. In view of this, the results of this preliminary study allow us to confirm that the proposed
approach to the mixed-integer model is promising. In the next subsection we will study this case directly.
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Table 2: Running time of AIMMS-AOA and the proposed implementation of the branch-and-bound method in lot-buying
constrained portfolio optimization.

n 5 10 20

m 10 50 100 10 50 100 10 50 100 average

CGBNB 0.93 0.87 0.34 0.80 1.46 1.62 1.51 2.70 3.99 1.58
AIMMS 49.17 67.10 73.55 104.43 151.35 221.19 195.29 618.61 7710.85 1021.28

5.3 Discrete Portfolio Optimization

CPLEX MIP and LP solvers have been used to implement the branch-and-bound method described in Section
3. Namely, callback routines have been employed in order to add approximating hyperplanes at each node of the
solution tree, while a goal framework was utilized to direct branching. The exact algorithm based on approximation
scheme presented in Section 3 has been used to verify incumbent solutions. The two families of valid inequalities
have been employed through CPLEX callback routine. In our experiments we only added cuts in the root node of
the solution tree. A quasi-Newton’s method has been used to solve the underlying nonlinear systems of equations
when finding linear split cuts presented in Section 4.3.

Two sets of experiments have been performed testing the impact of the techniques proposed in the paper. First,
the implementation of the branch-and-bound method from Section 3 has been compared against AIMMS AOA
implementation. The average solution times in seconds for lot-buying and cardinality constrained problems are
summarized in Table 2 and 3 respectively. Our custom implementation significantly outperforms AOA method
for all choices of the parameters n and m. As it is stated in AIMMS manual, AOA implementation is much
more efficient for binary variables, which is the case in our cardinality constrained problems. Consequently, we
observe that the branch-and-bound approach presented here reduces the computation time by an order of magnitude
for cardinality constrained problems and several orders of magnitude for lot-buying constrained problems, when
compared to AIMMS AOA solver.

In the second stage of our case study, we aimed at evaluating the effect that valid inequalities defined in Section
4 can play in solving problems (20) and (21). Results of this case study are summarized in Table 4 and 5. For
each problem size 20 instances were generated and solved with a 1 hour time limit. We report (i) the number of
instances solved within the time limit, (ii) solution time averaged over the instances that have been solved in 1 hour
by all three approaches, (iii) the average number of cuts of each type added (at the root node), (iv) the average
portion of the integrality gap closed at the root node by the added cuts and (v) the average integrality gap after the
time limit among instances not solved to optimality by all three methods.

We can observe that the proposed valid inequalities exhibit very different results for the two considered models.
In lot-buying constrained problem (Table 4), while valid inequalities of both types can be added without difficulty,
only very minor (between 0.1% and 1%) reduction in the integrality gap at the root node has been observed. At
the same time, it is enough to enable us to solve more problems within the time limit and substantially reduce
the integrality gap after 1 hour. On the other hand, in cardinality constrained problems (Table 5) we were able to
add considerably less cuts. In fact, no lifted cuts that would cut-off the current fractional solution at the root node
were identified, and only 1 to 5 split cuts were found. Yet, the incorporation of the split cuts lead to a significant
reduction in the integrability gap at the root node (between 50% and 90% for most problems) and consequently to
a better computational performance in terms of number of instances solved within the time limit and the gap after
1 hour.

To sum up, the performance of the proposed valid inequalities seems to significantly depend on the type of model
considered. While in the case of lot-buying constrained problems the lifted cuts presented in Section 4.2 exhibit the
best overall performance, in cardinality constrained optimization, this approach does not provide any improvement
over pure branch-and-bound. Split cuts perform well in cardinality constrained problems and offer a modest
improvement for lot-buying constrained models.
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Table 3: Running time of AIMMS-AOA and the proposed implementation of the branch-and-bound method in cardinality
constrained portfolio optimization.

n 10 20 50

m 500 1000 2000 500 1000 2000 500 1000 2000 average

CG-BNB 0.74 1.72 5.10 12.03 22.57 50.64 108.67 240.38 263.57 78.38
AIMMS 11.65 35.90 96.88 294.74 459.21 639.43 863.50 1489.65 2071.98 662.55

Table 4: Performance of two valid inequality families in lot-buying constrained portfolio optimization.

n m number solved running time cuts added root gap closed gap after time limit

lifted split no cuts lifted split no cuts lifted split lifted split lifted split no cuts

50 500 20 20 20 11.57 9.92 11.01 71.55 20.35 0.86% 0.03% — — —
1000 20 20 20 41.07 38.45 28.57 73.6 22.75 0.36% 0.03% — — —
2000 20 20 20 68.12 68.11 138.37 73.3 32.55 0.26% 0.16% — — —
5000 19 19 19 695.14 622.18 581.49 67.05 29.8 0.26% 0.02% 2.41% 5.19% 6.25%

100 500 19 14 14 400.22 436.02 467.32 82.3 9.7 0.71% 0.06% — — —

1000 15 13 13 456.84 502.9 1300.26 78.2 12.45 0.25% 0.05% 2.68% 14.02% 6.06%
2000 19 20 15 179.06 337.18 223.93 90 26.6 0.13% 0.03% 3.01% — 5.46%
5000 19 20 18 673.9 670.20 731.66 73.75 24.15 0.30% 0.05% — — —

200 500 6 1 0 — — — 91.85 4.4 0.60% 0.06% 87.92% 46.49% 191.83%
1000 0 0 0 — — — 91.45 5.15 0.24% 0.03% 16.31% 24.34% 22.99%
2000 8 6 5 498.57 787.33 2153.11 106.3 14 0.21% 0.10% 8.33% 3.84% 6.50%
5000 17 12 12 1408.58 1804.24 1539.48 81.65 17.3 0.09% 0.02% — — —

500 500 0 0 0 — — — 108.2 18.8 0.71% 0.02% 128.91% 128.89% 200.04%
1000 0 0 0 — — — 125.45 18.4 0.26% 0.02% 109.42% 114.03% 116.02%
2000 0 0 0 — — — 121.8 9.6 0.05% 0.02% 29.27% 29.34% 28.95%
5000 2 1 0 — — — 94.7 12.8 0.04% 0.02% 124.45% 113.67% 213.15%

1000 500 0 0 0 — — — 108.2 3.6 0.81% 0.06% 97.01% 98.57% 106.20%
1000 0 0 0 — — — 141.75 2.4 0.29% 0.07% 227.93% 227.73% 316.26%
2000 0 0 0 — — — 140.55 5.3 0.61% 0.09% 54.65% 55.90% 65.86%
5000 0 0 0 — — — 101.8 3.6 0.03% 0.01% 111.06% 214.31% 219.85%

average 9.20 8.30 7.80 443.31 527.65 717.52 96.17 14.69 0.35% 0.05% 71.67% 82.79% 107.53%

Table 5: Performance of two valid inequality families in cardinality constrained portfolio optimization.

n m number solved running time cuts added root gap closed gap after time limit

lifted split no cuts lifted split no cuts lifted split lifted split lifted split no cuts

50 500 20 20 20 108.84 122.91 108.67 0 1.05 0.00% 68.05% — — —
1000 20 20 20 240.62 252.45 240.38 0 1.05 0.00% 77.06% — — —
2000 20 20 20 263.00 288.33 263.57 0 1.05 0.00% 67.64% — — —
5000 20 20 20 152.99 76.31 151.91 0 1.15 0.00% 89.33% — — —

100 500 6 7 6 2001.51 1795.24 1998.73 0 1 0.00% 69.75% 23.63% 20.40% 23.62%
1000 0 3 0 — — — 0 1 0.00% 70.79% 29.48% 28.22% 29.36%
2000 3 5 3 2770.52 2440.59 2796.48 0 1 0.00% 62.14% 13.08% 11.84% 13.07%
5000 18 19 18 1043.44 991.63 1047.82 0 1.05 0.00% 88.02% 4.63% 4.60% 4.61%

200 500 0 1 0 — — — 0 1.05 0.00% 69.90% 85.93% 74.56% 85.78%
1000 0 0 0 — — — 0 1 0.00% 71.55% 71.87% 52.10% 71.86%
2000 0 0 0 — — — 0 1.05 0.00% 66.93% 37.56% 17.68% 37.56%
5000 0 0 0 — — — 0 1 0.00% 87.62% 8.87% 8.82% 8.87%

500 500 0 1 0 — — — 0 1.05 0.00% 65.43% 178.71% 79.19% 178.56%
1000 0 0 0 — — — 0 1 0.00% 68.14% 126.57% 26.28% 126.58%
2000 0 0 0 — — — 0 1 0.00% 63.90% 67.29% 37.03% 67.30%
5000 0 0 0 — — — 0 1.05 0.00% 79.14% 21.63% 13.15% 21.63%

1000 500 0 0 0 — — — 0 1.1 0.00% 32.20% 223.31% 123.95% 223.31%
1000 0 0 0 — — — 0 0.9 0.00% 20.19% 163.56% 65.14% 163.57%
2000 0 0 0 — — — 0 0.95 0.00% 32.14% 92.95% 73.52% 92.96%
5000 0 0 0 — — — 0 1 0.00% 86.06% 219.35% 124.00% 219.36%

average 5.35 5.80 5.35 940.13 852.49 943.94 0.00 1.03 0.00% 66.80% 85.53% 47.53% 85.50%
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6 Conclusions

In this paper we discussed solution approaches for a class of mixed-integer nonlinear programming problems,
which arise from some recent developments in risk-averse stochastic optimization. In our study, we revisit some
of the methods that have been previously proposed in the literature, and show that these approaches can be nat-
urally generalized to the MINLP problems in question. In addition, we also propose a new simple procedure for
generating disjunctive cuts. The conducted numerical experiments produce promising results.
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A Proofs of some of the presented results and additional lemmas

Proof of Proposition 3.1. As it has been noted above, the set of inequalities in (7) defines a structure that can be referred to as
tower-of-variables, where each variable wj is represented by a node, and edges connect node wjCm with w2j�1 and w2j . Let
us define sets ‡j as ‡j D fj g if j D 1; : : : ; m and ‡mCj D ‡2j�1[‡2j for j D 1; : : : ; m�1. In other words, set ‡j is the
subset of indexes f1; : : : ; mg corresponding to the initial (non-lifting) variables descending from wj in the tower-of-variables.
In this case, let us take

ˇ2j�1 D

P
k2‡2j�1

pkP
k2‡2j�1[‡2j

pk
; ˇ2j D

P
k2‡2j

pkP
k2‡2j�1[‡2j

pk
; j D 1; : : : ; m � 1: (23)

Now, the claim of the proposition can be verified directly.

Before verifying the statement of Proposition 3.4, we establish a few subsidiary lemmas.

Lemma A.1. If set V
.3/

" is used in the cutting plane scheme described above instead of V .3/" , then the process terminates in a
finite number of iterations even without the auxiliary scheme.

Proof. The claim follows directly from the fact that a bounded convex set in three-dimensions can be approximately described
by a number of supporting planes (one can derive this result directly by considering Taylor’s expansion of f ).

Lemma A.2. If v.t/ D jt jp , then for any " > 0 there exists ı > 0 such that V .3/ı � V .3/" and vice versa, i.e., for p-order
cones the conditions in (9) and (10) are equivalent.

Proof. Clearly, for any " > 0 there exists ı > 0 such that .1C"/p D 1C ı, which directly implies the claim of the lemma.

Lemma A.3. For any " > 0 and ı" > 0 there exists ı > 0 such that

V
.3/

ı \ f.w0; w1; w2/
>
2 R3 j .ˇ1w

p
1 C ˇ2w

p
2 /

1=p
� ı"g � V .3/" :

Proof. Let

ı D min
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1
Cˇ2w
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2
/1=p�ı"

v�1.ˇ1v.w1/C ˇ2v.w2// � v
�1

�
ˇ1v.w1/C ˇ2v.w2/

1C "

�
:

Observe that the minimum above is attained and is strictly positive, since we assume that the feasible region is bounded
and v�1 is strictly increasing. Now, if w0 � v�1.ˇ1v.w1/ C ˇ1v.w2// � ı and .ˇ1w

p
1 C ˇ2w

p
2 /

1=p � ı", then w0 �

v�1
�
ˇ1v.w1/Cˇ2v.w2/

1C"

�
, which implies the claim of the lemma.
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Lemma A.4. Consider set P .3/
ı
WD fw 2 R3

C
j .1C ı/w
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1 C ˇ2w
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2 g, which is analogous to V .3/
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for a p-order

cone. Then, for any " > 0 there exist ı > 0 and ı > 0 such that
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.w1; w2/. Then the claim of the lemma is satisfied if we take ı such that .1C ı/ D .1C "=2/
1=p .

Proof of Proposition 3.4. Assume to the contrary that the cutting plane procedure does not terminate after a finite number of
iterations. Then, for at least one triple .wmCj ; w2j�1; w2j / the approximation condition is violated infinitely many times and,
therefore, infinitely many cutting planes are generated. Let us denote this triple as .w0; w1; w2/. First, suppose that there exists
� such that current solution .w.i/0 ; w

.i/
1 ; w

.i/
2 / of the master at iteration i satisfies k.w.i/1 ; w

.i/
2 /kp � � for infinitely many

iterations. Consider ı defined in Lemma A.3 for " and ı" D �=2. By Lemma A.1, after a finite number of iterations the current

solution satisfies .w.i/0 ; w
.i/
1 ; w

.i/
2 /> 2 V

.3/

ı , which by Lemma A.3 implies that .w.i/0 ; w
.i/
1 ; w

.i/
2 /> 2 V .3/" contradicting with

our assumption. Hence, this sequence of solutions converges to zero.

In Vinel and Krokhmal (2014b), Proposition 6 we have shown that a finite number cutting planes is sufficient to achieve
any preselected accuracy (10) in the case of p-order cone constraints. In the current context it implies that solution
.w
.i/
0 ; w

.i/
1 ; w

.i/
2 /
>
2 P.3/

ı
for any preselected ı after finitely many applications of the auxiliary cuts, where P.3/

ı
is de-

fined in Lemma A.4. Taking into account Lemmas A.2 and A.4 this implies that .w.i/0 ; w
.i/
1 ; w

.i/
2 /
>
2 V .3/" for all sufficiently

small .w.i/1 ; w
.i/
2 / , i.e, .w1; w2/ does not converge to zero, completing the proof.
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