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Abstract A new two-stage stochastic partial differential
equation (PDE)-constrained optimization methodology is
developed for the active vibration control of structures in the
presence of uncertainties in mechanical loads. The method-
ology relies on the two-stage stochastic optimization for-
mulation with an embedded first-order black-box PDE-
constrained optimization procedure. The PDE-constrained
optimization procedure utilizes a first-order active-set algo-
rithm with a conjugate gradient method. The objective func-
tion is determined through solution of the governing PDEs
and its gradient is computed using automatic differentia-
tion with hyper-dual numbers. The developed optimization
methodology is applied to the problem of post-impact vibra-
tion control (via applied electromagnetic field) of an elec-
trically conductive carbon fiber reinforced composite plate
subjected to an uncertain, or stochastic, impact load. The
corresponding governing PDEs consist of a nonlinear cou-
pled system of equations of motion and Maxwell’s equa-
tions. The conducted computational study shows that the
obtained two-stage optimization solution allows for a sig-
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nificant suppression of vibrations caused by the randomized
impact load in all impact load scenarios. Also, the effective-
ness of the developed methodology is illustrated in the case
of a deterministic impact load, where the two-stage strategy
enables one to practically eliminate post-impact vibrations.

Keywords PDE-constrained optimization · two-stage
stochastic optimization · electro-magneto-mechanical
coupling · composite materials

1 Introduction

In electrically conductive solids, mechanical and electro-
magnetic fields interact through the Lorentz ponderomotive
force that is exerted by the electromagnetic field. Analy-
sis of this field interaction requires simultaneous solution
of Maxwell’s equations for electromagnetic field (Maugin,
1988) and equations of motion of continuous media that in-
volve the Lorentz force as a body force, whereby the system
of governing equations becomes coupled and nonlinear. This
field coupling leads to many interesting effects observed in
the mechanical behavior of the electrically conductive solids
subjected to electromagnetic load, including changes in the
stress state (Moon, 1984; Zhupanska and Sierakowski, 2007,
2011; Higuchi et al, 2007), vibration behavior (Barakati and
Zhupanska, 2012a; Rudnicki, 2002), and unusual stability
behavior (Hasanyan and Piliposyan, 2001; Hasanyan et al,
2006; Eringen, 1989).

Electro-magneto-mechanical field coupling represents a
fundamental physical phenomenon that can potentially be
employed for development of multifunctional or adaptive
structures, i.e. structures capable of performing multiple
functions and/or adapting their performance with respect to
changes in the operating environment. In this context, the
present work considers the issue of active control of struc-
ture’s mechanical response by the electromagnetic field.
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Composite materials are often considered to be materi-
als of choice for multifunctional applications (Gibson, 2010)
due to their multiphase nature and inherent tailorability.
As a result, the recent years witnessed a growing interest
in electro-magneto-mechanical interactions in composites.
Most of the studies have been focused on the mechanics,
while less attention was paid to the optimization of mul-
tifunctional composites and structures. The present work
makes contribution to the latter subject.

The present work is closely related to the recent stud-
ies on the electro-magneto-mechanical coupling in elec-
trically conductive anisotropic composites (Zhupanska and
Sierakowski, 2007, 2011; Barakati and Zhupanska, 2012a,b,
2013, 2014), where the effects of the steady, slowly vary-
ing, and pulsed electromagnetic fields on the mechanical re-
sponse of single-layer and laminated anisotropic compos-
ite plates were examined. The interacting effects of the ap-
plied electric current, external magnetic field, and mechani-
cal load were studied. It has been shown that the characteris-
tics of the electromagnetic field (waveform, duration of ap-
plication, intensity) can significantly reduce the stressed and
deformed states of the electrically conductive plate and de-
crease the amplitude of vibrations. In particular, to achieve
the maximum reduction in the plate deflection and stress,
the application of the mechanical load must be coordinated
with application of the electric current and its waveform.
Moreover, an increase in the magnetic induction tends to re-
duce the amplitude of vibrations of the plate with a trend
towards a more rapid decay at the stronger magnetic fields.
An increase in the electric current density tends to decrease
the amplitude of the plate vibrations. Furthermore, the effect
of the electric current density becomes more pronounced as
the magnetic field intensity increases. It has been concluded
that concurrent application of a pulsed electromagnetic load
could effectively mitigate the effects of the impact load and
post-impact vibrations.

1.1 Active vibration control of a composite plate via an
electromagnetic field: A conceptual application

The results of the discussed above studies provided moti-
vation for the present work on a stochastic partial differ-
ential equation (PDE)-constrained optimization approach to
active control of the mechanical response of the electrically
conductive composites, using an electromagnetic field. As
a specific application, we consider the problem of vibra-
tion control – via application of an electromagnetic field –
in an electrically conductive carbon fiber reinforced poly-
mer (CFRP) composite plate subjected to a mechanical
impact load with uncertain parameters (magnitude, dura-
tion, etc). We hypothesize that electromagnetically activated
CFRP structural elements could provide additional protec-
tion against certain types of foreign object impacts, assum-

ing that an appropriate sensor technology can be employed
for applying an electromagnetic field to the composite struc-
ture at the moment of impact so as to increase the impact
resistance and dampen post-impact vibrations.

The practical viability of this hypothetical scenario de-
pends on a number of factors, among which are the avail-
ability of (i) composite materials with necessary mechanical
and electromagnetic properties, (ii) adequate sensors to trig-
ger application of an electromagnetic field, and (iii) ability
to adjust and control characteristics of the applied electro-
magnetic field (i.e., waveform, duration of application, in-
tensity) depending on the target composite material char-
acteristics and applied impact load. Physics-based models
of electro-magneto-mechanical coupling in electrically con-
ductive composites can provide theoretical underpinnings
for the development of the electromagnetically activated im-
pact resistant structural elements, while PDE-constrained
stochastic optimization can provide a path to the active con-
trol of these structural elements in the presence of uncertain-
ties.

In Section 2.1 we outline the physical model of the field
coupling phenomenon that is exploited in this work. Since
the general model is prohibitively complex, a high-fidelity
approximation of the governing equations in the case of thin
composite plates is discussed. In Section 2.2 we introduce
the dynamic nonlinear boundary-value problem correspond-
ing to the impact of a thin CFRP composite plate in a deter-
ministic setting, i.e. when the impact load is known with
certainty. This problem forms the basis for the two-stage
stochastic PDE-constrained optimization problem that is in-
troduced in Section 3. Numerical solution and optimization
procedures are discussed in Section 4, and in Section 5 we
present the results of computational studies.

The authors view this work’s contribution to literature in
presenting a framework for dynamic adaptive control of the
mechanical response of structures to randomized loads that
is facilitated through the methods of two-stage stochastic op-
timization. The feasibility and effectiveness of the approach
are illustrated on a dynamic nonlinear problem of impact of
a CFRP plate, where the dynamic two-stage control action
is implemented using the phenomenon of electro-magneto-
mechanical field coupling in composites.

Among the studies that relate to the presented prob-
lem and proposed approach most closely, we may mention
PDE-constrained optimization under dynamic loads consid-
ered by Min et al (1999), where the homogenization design
method was used to find an optimal topology of a structure
so as to minimize the dynamic compliance during a speci-
fied time interval. Kang et al (2001) proposed a method for
dynamic design optimization that substitutes dynamic loads
with equivalent sets of static loads that have similar effects
and are updated at critical times. Zhang and Kang (2014)
studied the control of a dynamic response of a thin-shell
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structure, where sensing and actuation was done by using
piezoelectric materials, and the goal was to find the optimal
actuator/sensor layout, minimizing the vibration level over a
specified time interval.

Shape optimization with randomized loads was consid-
ered in Conti et al (2009), where it was formulated in the
form of a two-stage stochastic optimization problem. An
important difference of the adaptive two-stage stochastic
framework that is proposed in this work with that of Conti
et al (2009) is that the latter is rather a clever mathematical
device that frames a non-adaptive shape selection procedure
in a two-stage form (see Section 3.2 for details).

2 Mechanics of electro-magneto-mechanical
interactions in electrically conductive anisotropic
composite plates

In this section we first outline the governing equations for
anisotropic electrically conductive solids subjected to me-
chanical and electromagnetic loads. Then, we discuss a
2D plate approximation, as well as the resulting 2D non-
linear hyperbolic-parabolic system of PDEs that constitute
the mathematical framework for solving problems of the
dynamic mechanical response of the anisotropic electri-
cally conductive plates subjected to mechanical and elec-
tromagnetic loads. See Zhupanska and Sierakowski (2007);
Barakati and Zhupanska (2012a) for details.

2.1 Governing equations

The behavior and interaction of the mechanical and elec-
tromagnetic fields in electrically conductive solids can be
determined from simultaneously solving the equations of
motion that include the Lorentz ponderomotive force and
Maxwell’s equations:

∇ ·T+ρ(F+FL) = ρ
∂ 2u
∂ t2 , (1)

divD = ρe, divB = 0,

rotE =−∂B
∂ t

, rotH = j+
∂D
∂ t

.
(2)

Here T is the stress tensor, u is the displacement vector,
ρ is density, F is the body force per unit mass, FL is the
Lorentz force per unit mass, and ∇ is the gradient operator.
In Maxwell’s equations (2), D represents the electric dis-
placement vector, B is the magnetic induction, E is the elec-
tric field, H is the magnetic field, j is the current density
vector, ρe is the electric charge density (which vanishes in
electric conductors), and t is time.

Interaction between mechanical and electromagnetic
fields in the electrically conductive materials is due to the

Lorentz force, FL, that enters equations of motion (1) as
a body force. It has been shown in Zhupanska and Sier-
akowski (2007) that the Lorentz force in the electrically con-
ductive anisotropic solids takes the form:

ρFL = ρe

(
E+

∂u
∂ t
×B
)
+

(
σσσ

(
E+

∂u
∂ t
×B
))
×B

+
((

(εεε− ε0I)E
)
×B
)

α

∇

(
∂u
∂ t

)
α

+J∗×B,
(3)

where σσσ is the electrical conductivity tensor, εεε is the electri-
cal permittivity tensor, ε0 is the electrical permittivity in the
vacuum, ∇ is the gradient operator, and Einstein’s summa-
tion convention is adopted with respect to index α . There-
fore, the system of equations (1)–(2) is the system of nonlin-
ear hyperbolic PDEs that represent the governing equations
of electro-magneto-mechanical coupling in electrically con-
ductive solids. The nonlinearity is due to the presence of the
Lorentz force, which contains nonlinear terms with respect
to the components of the mechanical and electromagnetic
fields. In the most general dynamic case, the problem of
solving the system of governing equations (1)–(2) for solids
of even the simplest 3D geometries is insurmountable. In
many situations, however, solution of equations (1)–(2) can
be facilitated through appropriate physics-based hypothe-
ses, or simplifications that allow one to reduce mathemat-
ical complexity of the model while preserving its physical
fidelity by exploiting particular features of problem’s geom-
etry, etc.

With respect to the present work, a 2D approximation
for the thin electrically conductive plates subjected to me-
chanical and electromagnetic loads is used. This approxima-
tion was developed in Zhupanska and Sierakowski (2007)
and utilizes Kirchhoff hypothesis of non-deformable nor-
mals and electromagnetic hypotheses.

Next, we briefly outline the procedure to derive 2D ap-
proximation of the governing equations. More details can
be found in Zhupanska and Sierakowski (2007); Barakati
and Zhupanska (2012a). As for the mechanical part of the
governing equations (1), the linear plate theory formula-
tion based on the so-called Kirchhoff hypothesis of non-
deformable normals is used. Equations of motion with re-
spect to stress and moment resultants are obtained by inte-
gration of (1) across the thickness of the plate. In contrast
to the problems with purely mechanical load, application of
the Kirchhoff hypothesis and integration of the 3D equations
of motion through the thickness of the plate does not pro-
duce 2D equations of motion. This is due to the presence of
the terms with the Lorentz force components, which remain
three-dimensional. Therefore, to obtain a 2D approximation
to the equations of motion, one needs to derive a 2D ap-
proximation for the electromagnetic field and the Lorentz
force for the case of thin plates. This is achieved by intro-
ducing additional hypotheses regarding the behavior of the
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electromagnetic field components, which imply that tangen-
tial components of the electric field vector and the normal
component of the magnetic field vector do not change across
the thickness of the plate and the variation of the tangential
components of the magnetic field across the thickness of the
plate is linear. A 2D approximation of Maxwell’s equations
(2) is obtained by representing functions H, E, and J via se-
ries expansions with respect to the coordinate z, integrating
Maxwell’s 3D equations across the thickness of the plate and
invoking a quasistatic approximation for Maxwell’s equa-
tions. The 2D expression for the Lorentz force is obtained
(3) using the Kirchhoff hypothesis for the plate displace-
ments and the set of the discussed electromagnetic hypothe-
ses. The 2D equations of motion are then obtained by inte-
grating the terms with the Lorentz force across the thickness
of the plate in the equations of motion with respect to the
stress and moment resultants.

Finally, 2D equations of motion and 2D Maxwell’s equa-
tions constitute the system of governing equations for a me-
chanically and electrically conductive plate subjected to me-
chanical and electromagnetic loads and correspond to the
linear plate theory. This system of equations is a nonlinear
mixed system of parabolic and hyperbolic PDEs.

2.2 Impact problem: A deterministic formulation

In this section we present the boundary-value problem for
a thin anisotropic composite plate subject to a determinis-
tic mechanical impact load and electromagnetic field within
the mathematical framework presented in the previous sub-
section. Such a deterministic formulation was considered in
Barakati and Zhupanska (2012a) and forms the basis for the
stochastic model with uncertain impact loads and the corre-
sponding stochastic optimization formulations will be intro-
duced in Section 3.

Consider a thin unidirectional fiber-reinforced (x-
direction is the fiber direction) electrically conductive com-
posite plate of width a and thickness h subjected to the trans-
verse impact load:

p(x,y, t) =
[
0,0, pz(x,y, t)

]
, (4)

time-dependent electric current of density:

J(t) =
[
Jx(t),0,0

]
, (5)

and immersed in the constant magnetic field with the induc-
tion:

B∗ =
[
0,B∗y ,0

]
. (6)

It is assumed that the intensity of the current is such that the
associated thermal effects are negligible.

The plate is transversely isotropic, where y–z is the plane
of isotropy and the x–y plane coincides with the middle

plane of the plate. The plate is assumed to be long in the fiber
direction, which is also the direction of the applied current
(x-direction), simply supported along the long sides, arbi-
trarily supported along the short sides (see Figure 1), and
initially is at rest.

p

x

y

z

a
h

J

B*

Fig. 1 Composite plate subjected to impact and electromagnetic loads

The corresponding mechanical and electromagnetic
boundary conditions are:

τzz
∣∣
z= h

2
=−pz(y, t), (7a)

uy
∣∣
y=± a

2
= uz

∣∣
y=± a

2
= Myy

∣∣
y=± a

2
= 0, (7b)(

Ex−
∂w
∂ t

B∗y +
∂v
∂ t

Bz

)∣∣∣
y=− a

2

= 0, Ex

∣∣∣
y= a

2

= 0. (7c)

The applied transverse impact load (4) causes vibrations
in the plate, which can potentially be mitigated by appli-
cation of the external electromagnetic field consisting of
the electric current of density (5) and magnetic induction
(6). We are interested in the optimal characteristics of the
electromagnetic field to maximally reduce mechanical vi-
brations caused by the impact load.

The formulated problem (4)-(7) for a long transversely
isotropic plate admits the assumption of independence of the
components of mechanical and electromagnetic fields of the
coordinate x, which using the procedure described in Sec-
tion 2 reduces the governing equations (1) and (2) to the
form:

1
h

∂Nyy

∂y
= ρ

∂ 2v
∂ t2 +σxB2

z
∂v
∂ t
−σxB∗yBz

∂w
∂ t

+
εx− ε0

B22
ExBz

×
∂Nyy

∂ t
− (εx− ε0)ExB∗y

∂W
∂ t

+BzJx(t)+σxExBz,

1
h

∂Nyz

∂y
= ρ

∂ 2w
∂ t2 +

pz(y, t)
h
−σxB∗yBz

∂v
∂ t

+σx
(
B∗y
)2 ∂w

∂ t

− (εx− ε0)ExBz
∂W
∂ t
−B∗yJx(t)−σxExB∗y ,

∂Myy

∂y
=−ρh3

12
∂ 2W
∂ t2 +Nyz−

1
12

σxh3B2
z

∂W
∂ t

(8)

+
εx− ε0

B22
ExBz

∂Myy

∂ t
,

∂v
∂y

=
1

hB22
Nyy,

∂ 2w
∂y2 =− 12

h3B22
Myy,

∂w
∂y

=W,
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∂Bz

∂y
= σxµ

(
Ex +

∂v
∂ t

Bz−
∂w
∂ t

B∗y

)
,

∂Ex

∂y
=

∂Bz

∂ t
.

Here v and w are the middle plane displacement components
in y- and z-directions, respectively; Nyy =

∫ h/2
−h/2 τyydz and

Nyz =
∫ h/2
−h/2 τyzdz are the stress resultants; Myy =

∫ h/2
−h/2 τyyzdz

is the moment resultant; Ex is the x-component of the electric
field; Bz is the z-component of the magnetic induction; σx
and εx are the electrical conductivity and permittivity in x-
direction, respectively; µ is the magnetic permeability; and
B22 = E2/(1−ν12ν21), where E2 is Young’s modulus along
the y-direction, ν12, and ν21 are the corresponding Poisson
ratios.

The system of the nonlinear PDEs (8) represents the
governing equations in the context of this work. The formu-
lated deterministic boundary-value problem (7)–(8) for low-
velocity impact of a thin composite plate in the presence of
an electromagnetic field forms the basis for the stochastic
PDE-constrained optimization model of optimal vibration
mitigation that is presented in Section 3.

3 A two-stage stochastic PDE-constrained optimization
framework

In this section we first introduce a deterministic PDE-
constrained optimization problem for vibration reduction in
composite plates using an electromagnetic field, which is
followed by the more general two-stage stochastic PDE-
constrained optimization framework for control of compos-
ite structures in the presence of uncertainties in mechanical
loads.

3.1 A PDE-constrained optimization formulation

The existence of field coupling effects between mechanical
and electromagnetic fields in electrically conductive solids
presents an opportunity for controlling and/or optimizing the
mechanical response of the corresponding structures via ap-
plication of an electromagnetic field. Assuming that the de-
sign or performance criterion of the structural element can
be expressed through some function F to be minimized, the
problem of optimization or control of the mechanical field
via electromagnetic field generally reduces to a (nonlinear)
PDE-constrained optimization problem of the form:

min
θθθ

F[0,T ](g,θθθ ,ξξξ ) (9a)

s. t.
∂g
∂y

=Φ

(
g,

∂g
∂ t

,
∂ 2g
∂ t2 ,θθθ ,ξξξ

)
, t ∈ [0,T ], (9b)

G
(

g,
∂g
∂ t

)∣∣∣∣
y=± a

2

= 0, t ∈ [0,T ], (9c)

θθθ ≤ θθθ ≤ θθθ , (9d)

where vector g represents the components of the mechanical
field, i.e., displacements and stress and moment resultants in
the governing equations (8), vector θθθ contains the parame-
ters of the electromagnetic field (which in our case include
the maximum current density, fall and rise times of the im-
pulse waveform – see Section 5 for details), vector ξξξ de-
notes the parameters of the mechanical load, F[0,T ](g,θθθ ,ξξξ )
is the design/performance fitness function of the structure
that is observed during time interval [0,T ], constraints (9b)
and (9c) represent the system of governing PDEs (8) with
boundary conditions (7), respectively, and θθθ and θθθ are the
lower and upper bounds for the vector of control variables
θθθ . Note that for the sake of simplicity, we omit the explicit
dependency of g on the time variable t.

As the purpose of our optimization problem is to min-
imize the post-impact vibrations of the plate, the optimiza-
tion criterion F in (9) is defined as the average squared mid-
dle plane displacement of the plate:

F[0,T ](g,θθθ ,ξξξ ) =
1
T

∫ T

0

(
wc(θθθ ,ξξξ , t)

)2dt, (10)

where wc = w|y=0 is the middle plane displacement at the
center of the plate.

3.2 A two-stage stochastic programming formulation

It can be readily seen that the optimal parameters of the elec-
tromagnetic field as a solution of problem (9) depend heav-
ily on the parameters of the applied impact load. Since the
impact load can rarely be predicted or estimated with suf-
ficient accuracy, in this subsection we discuss a stochastic
extension of the general problem (9) under the assumption
that the impact load is uncertain, or random.

To deal with the uncertainty in the parameters of the im-
pact load, we resort to the two-stage stochastic optimization
framework. In general, the discipline of stochastic optimiza-
tion is concerned with determining optimal decision poli-
cies in situations when the decision making process is influ-
enced by uncertainties in problem data (Prékopa, 1995; Kall
and Mayer, 2005; Shapiro et al, 2009; Birge and Louveaux,
2011). One of the main assumptions within this framework
is that the uncertain parameters can be described proba-
bilistically as random variables from some probability space
(Ω ,F ,P), where Ω is the set of random events, F is the
sigma-algebra, and P is the probability measure. In other
words, while the values of the uncertain parameters cannot
be predicted with high degree of certainty, their probabil-
ity distributions are believed to be known. The second as-
sumption that is prevalent in most of stochastic optimiza-
tion literature is that the probability distributions in question
are finite (|Ω | < ∞), and uncertainty in any given param-
eter ξ can be described by a finite set of possible realiza-
tions ξ (ω1), . . . ,ξ (ωN), or “scenarios”, with each realiza-
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tion (scenario) ωi ∈ Ω having a prescribed non-zero proba-
bility P(ωi)> 0.

The two-stage stochastic optimization framework mod-
els the situation when the decision-making process under
uncertainty involves two decisions, or actions: the initial, or
first stage decision/action, and a subsequent corrective, or
recourse, or second stage decision/action. Namely, the first-
stage action is selected under uncertainty, i.e., before the
actual realizations of the uncertain factors can be observed.
After the first-stage decision has been made, it is assumed
that one can observe the actual realized values of the prob-
lem’s uncertain parameters as well as their effect on the out-
come of that decision (e.g., a person must place a bet in a
horse race before its start; then the outcome of the race and
the bet determine the winnings, if any).

Clearly, in most cases the first-stage action will not be
optimally suited for any given realization of uncertainty. The
second-stage, or recourse decision/action is made after the
particular realization of uncertainties was observed, and its
purpose is to correct the consequences of the first-stage ac-
tion with respect to the actual observed outcome of uncer-
tainty. It is important to emphasize that the second-stage
decision is dependent on the observed realization of uncer-
tainties and the first-stage decision; in turn, the first-stage
decision must take into account the probability distribution
of uncertainties and the corresponding second-stage actions
(for example, a poorly chosen first-stage action may not al-
low for any feasible corrective actions).

Mathematically, a two-stage stochastic optimization
problem can be written in the form:

min Eω

(
f1(x,ω)+ f2(x,y(ω),ω)

)
s. t. h1(x,ω)≤ 0, ∀ω ∈Ω ,

h2(x,y(ω),ω)≤ 0, ∀ω ∈Ω .

(11)

Here, x denotes the vector of first-stage decisions and
y = y(ω) denotes second-stage decision; note that we ex-
plicitly indicate its dependence on the random element ω

from the set Ω of all possible random events. Function
f1(x,ω) denotes the first-stage design/decision criterion,
and f2(x,y(ω),ω) denotes the corresponding criterion for
the second-stage action. Similarly, h1(x,ω) ≤ 0 represents
the first-stage constraints to be satisfied by the first-stage de-
cision x, and the next constraint stipulates that the second-
stage constraints to be satisfied by the second-stage decision
y(ω) may depend explicitly on first-stage decision x and the
observed realization of ω . An optimal solution of (11) deliv-
ers the best, on average, value of the first- and second-stage
design criteria.

With respect to the problem of impact of a composite
plate that was discussed in Section 2.2, we consider that the
vector ξξξ of parameters that describe the mechanical impact
load pz(t) = pz(t;ξξξ ) is random, ξξξ = ξξξ (ω), with a known
distribution. Probability space Ω is finite and describes a

finite number of scenarios, Ω = {ω1, . . . ,ωN}, where each
scenario ωi corresponds to a specific vector of parameters
ξξξ (ωi) of the impact load, and the probabilities P(ωi) of ran-
dom elements ωi ∈ Ω are known. The discrete scenarios
may represent, for example, different types of foreign ob-
jects that may strike the composite plate.

It is assumed that the actual realization of the parame-
ters of impact load, ξ̂ξξ = ξξξ (ωk) for some ωk ∈ Ω , becomes
known (observable) after a certain time T0 (for example, an
appropriate sensor technology can be employed to estimate
the impact load during the impact event). The decision on
the choice of control parameters θθθ must be made at or prior
to t = 0, before the actual realization ξ̂ξξ of the mechanical
load can be observed. After time T0, we have an opportunity
for a corrective (recourse) action, which consists in adjust-
ing the electromagnetic field so as to address the mismatch
between the first-stage decision and the actual observation
of uncertain parameters in the best way possible.

Specifically, during the first stage one applies an elec-
tromagnetic field with pre-computed parameters θθθ so as to
minimize the expected vibrations during the time period
t ∈ [0,T0]. It is assumed that during this time interval the pro-
file of the mechanical load can be observed and identified,
which allows for a subsequent correction θθθ ′ = θθθ ′(ω) of the
original selection θθθ , where we again explicitly indicate that
the second-stage action θθθ ′ depends on the observed realiza-
tion ω ∈Ω . Then, the two-stage stochastic PDE-constrained
optimization problem that minimizes the plate’s expected
deflections can be formulated as:

min
θθθ ,θθθ ′

Eω

(
F[0,T0]

(
g(ω),θθθ ,ξξξ (ω)

)
(12)

+F[T0,T1]

(
g′(ω),θθθ ′(ω),ξξξ (ω)

))
s. t.

∂g(ω)

∂y
=Φ

(
g,

∂g
∂ t

,
∂ 2g
∂ t2 ,θθθ ,ξξξ (ω)

)
, t ∈ [0,T0], ∀ω ∈Ω ,

G
(

g(ω),
∂g(ω)

∂ t

)∣∣∣∣
y=± a

2

= 0, t ∈ [0,T0], ∀ω ∈Ω ,

∂g′(ω)

∂y
=Φ

(
g′,

∂g′

∂ t
,

∂ 2g′

∂ t2 ,θθθ ′(ω),ξξξ (ω)

)
,

t ∈ [T0,T1], ∀ω ∈Ω ,

G
(

g′(ω),
∂g′(ω)

∂ t

)∣∣∣∣
y=± a

2

= 0, t ∈ [T0,T1], ∀ω ∈Ω ,

g
∣∣
t=T0

= g′
∣∣
t=T0

,
∂g
∂ t

∣∣∣∣
t=T0

=
∂g′

∂ t

∣∣∣∣
t=T0

, ∀ω ∈Ω ,

θθθ ≤ θθθ ,θθθ ′(ω)≤ θθθ , ∀ω ∈Ω .

Note the explicit dependence of vectors g(ω), g′(ω), θθθ ′(ω),
and ξξξ (ω) on the random element ω ∈ Ω . The first term
in the objective function of problem (12) corresponds to
the first stage, when the parameters of the problem ξ(ω)
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are uncertain with a known discrete distribution. During
this stage, an electromagnetic field characterized by vector
of parameters θθθ is applied to minimize the expected value
of F[0,T0]

(
g(ω),θθθ ,ξξξ (ω)

)
, the average squared middle plane

displacement at the center of the plate during time interval
[0,T0]. The first two constraints in (12) stipulate that the gov-
erning PDEs (8) and boundary conditions (7) must hold at
t ∈ [0,T0] for any of the possible impact load scenarios.

The second term in the objective of (12) represents the
average squared middle plane displacement at the center of
the plate during the second stage, from t = T0 to t = T1,
which depends explicitly on the second-stage action θθθ ′(ω)

and implicitly on the preceding first stage action θθθ , by means
of the continuity conditions that are given as the fifth line
of constraints in (12). The values of vector g during time
interval [T0,T1] are denoted as g′, and the third and fourth
constraints of (12) require that the governing equations and
boundary conditions hold during [T0,T1] for all scenarios
ω ∈Ω . The fifth line of constraints (12) represents the conti-
nuity conditions at t = T0 for the first-and second-stage me-
chanical fields g and g′.

Since the space Ω is assumed to be finite, expectation
in the objective function of problem (12) can be computed
in the form of a finite sum (see Section 4.5). In situations
when the stochastic parameters in the problem have contin-
uous distributions, a satisfactory approximation of the ex-
pectation via a finite sum can be achieved by sampling an
appropriate number of scenarios from that distribution. Typ-
ically, this requires a large number of samples (scenarios)
and leads to large-scale stochastic optimization problems.
A variety of different techniques have been developed in
the literature to address the computational challenges asso-
ciated with large-scale scenario sets in stochastic program-
ming problems, which include methods that exploit the spe-
cific structure of the objective and constraints (various de-
composition methods) as well as statistics-based methods
(stochastic decomposition, sample average approximation,
etc.), see Birge and Louveaux (2011). A detailed discussion
of applicability of these techniques to formulation (12) is be-
yond the scope of this work; here we assume without loss of
generality that the cardinality of space Ω is such that prob-
lem (12) is computationally tractable.

The two-stage stochastic PDE-constrained optimization
problem (12) formalizes the proposed approach to control of
mechanical structures under uncertainties with respect to the
considered problem of impact of a composite plate. Clearly,
the proposed framework allows for obvious generalizations
with respect to the types of structures and applied mechan-
ical loads, and, to a large degree, the type and mechanism
of multifield coupling. Also, it is worth emphasizing that
the PDE-constrained formulation (12) is a “true” two-stage
stochastic optimization model, where both stages of con-
trol/action have physical meaning. This makes for an im-

portant difference with the work of Conti et al (2009), who
formulated a topology optimization problem with uncertain
loads in the two-stage form (11) by introducing an “artifi-
cial” second stage that consisted in solving the governing
PDEs (physically, once a shape was selected, it could not
be corrected or updated in response to the observed realiza-
tion of stochastic load). Further, the governing PDEs in that
work were assumed to be linear, which allowed the authors
to propose a more efficient solution technique.

In the remainder of the paper we discuss the numerical
solution procedures for problem (12) as well as physical vi-
ability of its solutions.

4 Numerical solution and optimization methods

In this section we discuss the basic steps of solution proce-
dure for the two-stage stochastic PDE-constrained problem
(12) in the case of an impacted composite plate as presented
in Section 2.2.

4.1 Numerical solution of the governing system of PDEs

Presence of a system of nonlinear PDEs as constraints in
problem (12) necessitates effective solution methods for the
respective PDEs in order to solve (12). With respect to the
specific boundary value problem for the plate subjected to
impact and electromagnetic loads, we employ the methods
proposed in Zhupanska and Sierakowski (2007); Barakati
and Zhupanska (2012a). For the sake of completeness of the
exposition, we outline the key points of the corresponding
solution procedure below.

The system of nonlinear governing PDEs (8) that enters
the two-stage PDE-constrained problem (12) can be rewrit-
ten in the form:

∂g
∂y

=Φ

(
g,

∂g
∂ t

,
∂ 2g
∂ t2 ,y, t,θθθ ,ξξξ

)
, (13)

where g = g(x,y, t,θθθ) is a vector of variables g =

[v,w,W,Nyy,Nyz,Myy,Ex,Bz], Φ is a nonlinear function from
(8), and θθθ is the optimization variable, i.e., the vector con-
taining the parameters of the electromagnetic field (to be de-
fined in Section 5).

A numerical solution procedure for this systems consists
of a sequential application of a finite difference time integra-
tion, quasilinearization of the resulting system of the nonlin-
ear ordinary differential equations (ODEs), and a finite dif-
ference spatial integration of the obtained two-point bound-
ary value problem. The first step is to discretize (13) with
respect to time t by applying Newmark finite difference time
integration scheme (Newmark, 1959). This reduces (13) to
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the nonlinear two-point boundary problem for the system of
ODEs:
dg
dy

=Φ1(g,y,θθθ ,ξξξ ), (14)

This system is solved at discrete moments of time with
timestep ∆ t by using a quasilinearization method of Bell-
man and Kalaba (1965). This method allows for substituting
the solution of (14) with a sequential solution of a linearized
system with linearized boundary conditions:

d
dy

gk+1 =Φ1
(
gk,y,θθθ ,ξξξ

)
+A

(
gk,y,θθθ ,ξξξ

)(
gk+1−gk),

{
Ai j
(
gk,y,θθθ ,ξξξ

)}
=

{
∂Φ1i

(
gk,y,θθθ ,ξξξ

)
∂g j

}
,

D1
(
gk)gk+1(y0

)
= d1

(
gk),

D2
(
gk)gk+1(yN

)
= d2

(
gk),

(15)

where gk+1 and gk are the solutions at the current and previ-
ous iteration steps, respectively. A good choice for the initial
guess g0 is a solution from the previous time step. Points y0
and yN correspond to the edges of the plate, matrices Di

(
gk
)

and vectors di
(
gk
)
, i = 1,2, are derived from the boundary

conditions at y = y0 and y = yN . The sequence
{

gk+1
}

of
solutions of system (15) converges quickly to the solution
of the nonlinear system and the stopping criterion for the
iterative procedure is:

max
i

∣∣∣gk+1
i /gk

i −1
∣∣∣≤ δ , (16)

where δ > 0 is the prescribed accuracy.
To solve the system of linear ODEs in (15) we employ

the superposition method (Atkinson et al, 2009). If M is the
dimensionality of the system and there are M/2 boundary
conditions on both the left (y = y0) and right (y = yN) ends,
then we may represent the solution of the system of the lin-
ear ODEs by a linear combination of M/2 linearly indepen-
dent general solutions of the homogeneous system and one
particular solution of the inhomogeneous system:

gk+1(y) =
M/2

∑
j=1

c jG j(y)+G
M
2 +1(y), (17)

where c j are the linear coefficients. The values of G j, j =
1, . . . , M

2 + 1 are obtained on the left end from the bound-
ary conditions and then are propagated to the right end with
the aid of the fourth-order Runge-Kutta method. At the right
end the linear coefficients c j can be found from the bound-
ary conditions by solving a system of linear algebraic equa-
tions. In order to guarantee that vectors G j are independent,
and therefore coefficients c j are uniquely determined at the
right end, an orthonormalization procedure is employed af-
ter each iteration of the Runge-Kutta method. The corre-
sponding transformation matrices are then used to restore
the coefficients c j.

4.2 PDE-constrained optimization framework

The existing approaches to PDE-constrained optimization
problems can generally be categorized into two groups (Her-
zog and Kunisch, 2010). The first group of methods fits un-
der the umbrella of “black box” optimization. This frame-
work implies that one is able to obtain certain informa-
tion about the objective function, which usually includes the
value of the function for any given feasible point, its gra-
dient and, perhaps, its higher order derivatives (depending
on which optimization algorithm is employed) at that point.
This information is then used to further direct the search for
an optimal solution. It must be emphasized, however, that
PDE constraints are embedded in the computation of the
objective and its gradient and thus need to be satisfied at
every step of the algorithm, which potentially makes this
approach computationally expensive. For example, in the
present work the value of the objective function is obtained
by numerically solving a system of nonlinear PDEs using
the procedure described in Section 4.1.

An alternative “discretize-then-optimize” approach con-
sists in, first, discretizing the system of PDEs and replac-
ing the PDE constraints in the problem with the resulting
discretizations, often in the form of linear constraints. This
generally leads to improved computational efficiency, as the
system of governing PDEs is not required to be solved at
every step. On the other hand, this method is not applicable
to every type of PDE-constrained problem; for example, in
our case the governing system of nonlinear PDEs cannot be
solved by straightforward discretization.

The specifics of our particular problem dictates the use
of black-box first-order optimization procedure, which can
be summarized as follows: (i) compute the objective func-
tion by solving the governing system of PDEs numerically;
(ii) compute first-order information, i.e., the gradient of the
objective function at the current feasible point; (iii) apply a
first-order optimization algorithm.

The value of objective function in (12) depends on the
solution of a system of PDEs, which makes analytical com-
putation of its gradient impractical. To this end, numerical
differentiation techniques, such as complex differentiation
(Squire and Trapp, 1998) or some version of automatic dif-
ferentiation (Rall, 1986) can be employed.

4.3 Numerical differentiation

The proposed solution approach for two-stage stochas-
tic PDE-constrained optimization problem (12) is based
on first-order methods and requires computation of the
gradient of the objective function at a given feasible
point. Specifically, we are interested in the full deriva-
tives of F[0,T ]

(
g(ω),θθθ ,ξξξ (ω)

)
with respect to θθθ and

F[T0,T1]

(
g′(ω),θθθ ′(ω),ξξξ (ω)

)
with respect to

[
θθθ , θθθ ′(ω)

]
. The
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function F itself has a quite simple structure, however, g and
g′ are implicitly dependent on parameters θθθ and/or θθθ ′(ω), as
they are coupled through the system of governing equations
(8). Next in this subsection we will not distinguish between
θθθ and θθθ ′(ω) and refer to them as a single vector of param-
eters θθθ that is used as an input to the system of governing
equations.

There exists a number of methods for numerically com-
puting a derivative of a function, among which are finite-
difference method, adjoint method, complex differentiation,
automatic (algorithmic) differentiation. In our work, we use
the method which is closely related to both complex and au-
tomatic differentiation.

The complex differentiation method (Squire and Trapp,
1998; Martins et al, 2003, 2001) is applicable in case of an
analytic function of a real variable. Instead of taking a small
step in the direction of the real axis, as is customary in finite
difference methods, a small increment is considered in the
direction of the imaginary axis:

f (x+ is) = f (x)+ is f ′(x)− s2

2!
f ′′(x)− i

s3

3!
f ′′′(x)+O(s4).

If s is small enough, by computing f (x+ is) one can obtain
approximations to the values of f (x) and f ′(x):

f (x) = Re f (x+ is)+O(s2), f ′(x) =
Im f (x+ is)

s
+O(s2).

As it can be readily seen, the complex differentiation method
offers a significant improvement in accuracy comparing to
the traditional finite-difference approach at a relatively low
computational overhead, as there is no a subtraction cance-
lation error. In practice, it allows for fast and stable compu-
tation of derivatives at almost machine precision. However,
in the multivariate case, f = f (x), x ∈ Rm, one would have
to evaluate f (x+ isek), where ek is the k-th orthant in Rm,
for each k = 1, . . . ,m, in order to compute the gradient of
f at the point x. This obviously increases significantly the
computational effort for evaluation of the gradient of f (x).
Alternative methods for numerical differentiation of multi-
variate functions that are based on the the same principle
employ various generalizations of complex numbers.

Existing generalizations of complex numbers rely on
different definitions of the imaginary unit. One of such gen-
eralizations is represented by dual numbers (Kantor and
Solodovnikov, 1989; Piponi, 2004) of the form a + ηb,
where η is the dual unit, η 6= 0, η2 = 0. Similarly, hyper-
dual numbers have the form a= a0+η1a1+ · · ·+ηmam with
m imaginary dual parts ηi such that ηiη j = 0 for all i, j. The
arithmetic operations with hyper-dual numbers are defined
as follows:

a+b = a0 +b0 +η1(a1 +b1)+ · · ·+ηm(am +bm),

ab = a0b0 +η1(a1b0 +a0b1)+ · · ·+ηm(a0bm +amb0),

a/b =
(
a0b0 +η1(a1b0−a0b1)+ . . . (18)

+ηm(amb0−a0bm)
)
/b2

0.

Then, given a multivariate function f (x1, . . . ,xm), each
of its m arguments can be represented as a hyper-dual num-
ber with m imaginary parts. More precisely, let variable xi
at a given point x0

i be represented by a hyper-dual num-
ber whose real part is equal to x0

i and all imaginary parts
are set to zero, with the exception of the i-th imaginary part
which is set to 1. It can be shown that upon application of
the above hyper-dual arithmetic rules (18) for computation
of the (hyper-dual) value of f , one obtains that the real part
of the result is equal to f (x0

1, . . . ,x
0
m), and the i-th imaginary

part is equal to (∂ f/∂xi)
∣∣
x=x0 . As an illustration, consider

f (x1,x2) =
(x1 + x2)x1

x2
.

To find ∂

∂x1
f
(
x0

1,x
0
2
)

and ∂

∂x2
f (x0

1,x
0
2), let x1 = x0

1 +η11+
η20 and x2 = x0

2 +η10+η21. Then

f (x1,y1) =
x0

1
(
x0

1 + x0
2
)

x0
2

+η1
2x0

1 + x0
2

x0
2
−η2

(
x0

1

x0
2

)2

= f (x0
1,x

0
2)+η1

∂

∂x1
f (x0

1,x
0
2)+η2

∂

∂x2
f (x0

1,x
0
2).

The described technique is, in fact, a forward mode of
automatic differentiation (Rall, 1986), when derivative in-
formation is propagated forward with the computations ac-
cording the the differentiation chain rule. There are different
variations of this framework; more discussion of automatic
differentiation with hyper-dual numbers can be found in Rall
(1986); Piponi (2004); Fike and Alonso (2011).

In our case we need the full derivative of
F[0,T0]

(
g(θθθ),θθθ ,ξξξ

)
with respect to θθθ . The structure of

F itself is quite simple and ∂F/∂θθθ can be found analyti-
cally. The biggest difficulty is to find the derivative of g with
respect to θθθ . To this end, the governing system of equations
(8) is solved numerically using hyper-dual numbers. The
imaginary dual parts of all the input parameters except θθθ

are set to zero, while the i-th component of vector θθθ has the
form θi = θ 0

i +ηi, where θ 0
i is the corresponding numerical

value of the input parameter. The imaginary dual parts of
the resulting hyper-dual values of the components of vector
g then represent the sought partial derivatives of g.

4.4 Optimization methods

After the value and the gradient of the objective function
in (12) are computed, an iteration of a first-order optimiza-
tion algorithm is performed. In this study, we employed
the active set method due to Hager and Zhang (2006).
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The algorithm consists of the nonmonotone gradient pro-
jection scheme and regular unconstrained conjugate gradi-
ent method and switches between them under certain condi-
tions. We will outline the ideas of both of these methods and
how they are connected. More details on the active set algo-
rithm including convergence analysis can be found in Hager
and Zhang (2006, 2005).

Nonmonotone gradient projection algorithm (NGPA)
can be applied to the so-called “box-constrained” optimiza-
tion problems of the form:

min
x
{ f (x) : l≤ x≤ u}.

Let us denote the feasible set of this problem as Θ = {x ∈
Rn : l≤ x≤ u}, and define P(x) as the projection of a point
in Rn on Θ :

P(x) = argmin
y∈Θ

‖x−y‖.

If xk ∈Θ is the current iterate, we compute x′k = xk−αkqk,
where qk is the gradient of the objective function f at xk
and αk is the corresponding step length. The point x′k can be
infeasible, so its projection P(x′k) on the feasible set is com-
puted. By using a nonmonotone line search in the direction
of the vector dk = P(x′k)−xk, a new iterate xk+1 is found.

For unconstrained optimization problems, a conjugate
gradient method can be used. Its main principle is that ev-
ery step is made in the direction of steepest descent which is
corrected by previous direction multiplied by some β :

xk+1 = xk +δkdk, dk+1 =−qk+1 + β̄
N
k dk, d0 =−q0,

where δi is the step length chosen by inexact line search. In
our work, the following conjugate gradient method by Hager
and Zhang (2005) is used:

β̄
N
k = max{β N

k ,ηk}, β
N
k =

1
d>k xk

(
xk−2dk

‖xk‖2

d>k xk

)>
qk+1,

ηk =
−1

‖dk‖min {η ,‖qk‖}
.

The nonmonotone gradient projection algorithm is glob-
ally convergent and in theory can deal with box-constrained
optimization quite well. However, in practice its speed of
convergence can be slow near a local minimizer. At the same
time, the conjugate gradient method often has superlinear
convergence for unconstrained optimization problems. The
active set algorithm takes advantage of both these methods
by using NGPA to determine active constraints (faces of the
feasible set Θ , containing current iterate xk). Then, the con-
jugate gradient method is used to optimize over that face.

4.5 Solution procedure

Now, knowing all the main components of the solution pro-
cedure, we can assemble them together to show how the
problem is solved. Since the system of governing equations
is solved numerically by discretization, we modify appropri-
ately expression (10) of the optimization criterion. Namely,
assuming that the discretization time step ∆ t is sufficiently
small, the integral in (10) can be approximated by:

F[0,T ](g,θθθ ,ξξξ )'
1

T/∆ t

T/∆ t

∑
k=1

(
wc(θθθ ,ξξξ , tk)

)2
, (19)

where the values of wc are taken at time instants tk = k∆ t.
Note also that the constant factor ∆ t in the above summa-
tion can be disregarded in the optimization problem since
it is present as a constant scaling factor in the objectives of
optimization problems (9) and (12).

The system of governing equations is solved using
hyper-dual arithmetic to obtain the derivative of wc with re-
spect to θθθ for each time step tk. Knowing all the derivatives
∂wc
∂θi

, an approximation of the derivatives ∂

∂θi
F[0,T ](g,θθθ ,ξξξ )

can be found using the standard chain rule in (19). Given that
the distribution of stochastic factors ξξξ = ξξξ (ω) in the two-
stage stochastic PDE-constrained optimization problem (12)
is assumed to be discrete with a finite support, and therefore
can be modeled by a finite scenario set Ω = {ω1, . . . ,ωN},
where P(ωi) > 0 and ∑

N
i=1P(ωi) = 1, problem (12) can be

presented in the following form

min
θθθ ,θθθ ′(ωi)

N

∑
i=1

P(ωi)

(
F[0,T0]

(
g(ωi),θθθ ,ξξξ (ωi)

)
(20a)

+F[T0,T1]

(
g′(ωi),θθθ

′(ωi),ξξξ (ωi)
))

s. t.

∂g(ωi)

∂y
=Φ

(
g(ωi),

∂g
∂ t

,
∂ 2g
∂ t2 ,θθθ

(1),ξξξ (ωi)

)
,

t ∈ [0,T0], ∀i ∈ {1, . . . ,N}, (20b)

G
(

g(ωi),
∂g(ωi)

∂ t

)∣∣∣∣
y=± a

2

= 0,

t ∈ [0,T0], ∀i ∈ {1, . . . ,N}, (20c)

∂g′(ωi)

∂y
=Φ

(
g′(ωi),

∂g′

∂ t
,

∂ 2g′

∂ t2 ,θθθ (2)(ωi),ξξξ (ωi)

)
,

t ∈ [T0,T1], ∀i ∈ {1, . . . ,N}, (20d)

G
(

g′(ωi),
∂g′(ωi)

∂ t

)∣∣∣∣
y=± a

2

= 0,

t ∈ [T0,T1], ∀i ∈ {1, . . . ,N}, (20e)

g(ωi)
∣∣
t=T0

= g′(ωi)
∣∣
t=T0

,
∂g(ωi)

∂ t

∣∣∣∣
t=T0

=
∂g′(ωi)

∂ t

∣∣∣∣
t=T0

,

∀i ∈ {1, . . . ,N}, (20f)
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θθθ ≤ θθθ , θθθ
′(ωi) ≤ θ̄θθ , ∀i ∈ {1, . . . ,N}.

To find the first group of summands of the objec-
tive (20a), F[0,T0]

(
g(ωi),θθθ ,ξξξ (ωi)

)
, and their partial deriva-

tives w.r.t. θθθ , the boundary-value problem (20b)–(20c) is
solved numerically for each ωi ∈ Ω using hyper-dual num-
bers. For the second group of components of the ob-
jective, F[T0,T1]

(
g′(ωi),θθθ

′(ωi),ξξξ (ωi)
)
, the boundary-value

problem (20d)–(20e) must be solved and the continuity
conditions (20f) must be satisfied. Note that g′ implic-
itly depends on θθθ , and thus in the gradient of g′ there
are twice as many components as in the gradient of g.
In practice, to take into account this implicit dependence
and continuity conditions in computing the value and gra-
dient of F[T0,T1]

(
g′(ωi),θθθ

′ (ωi) ,ξξξ (ωi)
)

, system (20b)–(20e)
is solved for t ∈ [0,T1], using hyper-dual numbers for each
ωi ∈ Ω , with control parameters being switched from θθθ to
θθθ ′(ωi) at time T0. Then, the value of F and its derivatives,
are computed according to (19) with first T0/∆ t terms being
ignored.

In order to perform optimization step of the active set
algorithm, two systems of PDEs (20b, 20d) with boundary
conditions (20c, 20e) in the constraints are solved in hyper-
dual numbers for each ωi ∈Ω per above. This enables one to
compute the value and gradient of objective function (20a).
The outlined computational procedure was implemented in
C++ programming language.

5 Numerical results

In this section we report optimization results for a single-
layer, transversely isotropic (x-axis is the axis of material
symmetry and y-z is the plane of isotropy) carbon fiber rein-
forced composite plate of width a = 0.1524 m and thickness
h = 0.0021 m. Elastic properties of the composite plate are
as follows: Young’s modulus in the fiber direction is E1 =

102.97 GPa, Young’s modulus in the transverse direction is
E2 = 7.55 GPa, Poisson’s ratios are ν21 = ν13 = 0.3, density
of the composite is ρ = 1594 kg/m3, electrical conductivity
in the fiber direction is σ1 = 39000 S/m and electrical per-
mittivity in the fiber direction is ε1 = 2.5015× 10−10 F/m.
The plate is subjected to a transverse impact load (4) at the
initial time moment, t = 0. Simultaneously, an electromag-
netic load is applied and consists of the time-dependent elec-
tric current applied in the fiber direction (5) and constant
in-plane magnetic field applied in the direction perpendicu-
lar to the electric current (6) (see Figure 1). Application of
the electromagnetic load is expected to mitigate the effects
of the mechanical impact by maximally reducing the post-
impact vibrations of the plate.

The (randomized) applied impact load p (4) has the fol-
lowing profile, where the maximum impact pressure p0 and

Scenario, ω Probability, P(ω) p0(ω), MPa τp(ω), ms
ω1 1/3 0.75 8.0
ω2 1/3 1.0 10.0
ω3 1/3 2.0 12.0

Table 1 Scenario realizations of the maximum impact pressure p0 and
impact duration τp of the mechanical impact load (21).

the impact duration τp are uncertain parameters, which is
indicated by their dependence on a random event ω ∈Ω :

px(y, t) = 0, py(y, t) = 0, (21)

pz(y, t) =


−p0(ω)

√
1−
( y

b

)2
sin

πt
τp(ω)

,

|y| ≤ b, 0≤ t ≤ τp(ω),

0, b < |y| ≤ a
2
, t > τp(ω).

Here b = 0.1h is the width of the impact zone.
In such a way, the vector ξξξ (ω) of uncertain parame-

ters in the two-stage stochastic PDE-constrained optimiza-
tion problem (12) contains p0 and τp:

ξξξ (ω) =
[
p0(ω),τp(ω)

]
.

It is assumed that the set Ω of random events contains
three equiprobable elements, or scenarios:

Ω = {ω1,ω2,ω3}, where P(ωi) = 1/3, i = 1,2,3.

In the context of the conceptual application described in
Section 1.1, this corresponds to the composite plate being
hit at random by, e.g., three possible types of foreign ob-
jects or projectiles. Table 1 presents the numerical values of
the possible realizations of the maximum impact pressure
and impact duration of the impact load (21). The small size
of the scenario set is chosen specifically for the illustrative
purposes of our computational experiments; in practice, re-
alistic descriptions of uncertainties require larger scenario
sets.

The duration T0 of the first stage was set at T0 = 10 ms,
which is equal to the average duration of impact in the con-
sidered scenarios. This reflects our assumptions that an ap-
propriate sensory technology will allow for estimating the
parameters of impact load during the impact event (see Sec-
tions 1.1 and 3.2). The total duration of computational time
was set at T1 = 50 ms. According to the two-stage stochas-
tic framework described in Section 3.2, the electromagnetic
field in the configuration prescribed by the first-stage so-
lution is applied at t = 0. At t = T0, the parameters of the
electromagnetic field are changed as dictated by the second-
stage solution; in such a way, the durations of the first and
second stages are 10 ms and 40 ms, respectively.

The parameters of the magnetic field (6) applied to the
plate are as follows:

Bx = 0, By = B∗y = 1.0 T, Bz = 0, (22)
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and the density J(t) of the time-dependent electric current
(5) applied in the fiber direction is

Jx(t) = J0e−t/τe sin
πt
τs
, Jy(t) = Jz(t) = 0, (23)

where J0, τe, and τs are the parameters determining the elec-
tric current waveform, i.e., the maximum current density,
fall and rise times. The quantities J0, τe, and τs constitute
the vector θθθ of decision variables, or control parameters:

θθθ = [J0,τe,τs].

It is worth noting that the magnitude of magnetic field By
is not formally included in the vector θθθ , and is fixed at the
given value of 1 T in accordance to (22). This is due to our
observation that when By was allowed to vary within a pre-
scribed bounds (the so-called “box constraints”) 0≤ By ≤ B,
at optimality the decision variable By always assumed the
maximum possible value, By = B. Hence, for simplicity the
value of By was fixed as in (22). The rest of the decision
variables were box-constrained as follows:

|J0| ≤ 108 A/m2, 10−5 s≤ τs,τe ≤ 109 s, (24)

where the prescribed range of allowable current density val-
ues was chosen so as to eliminate Joule heating considera-
tions (more precisely, to ensure that the thermal effects as-
sociated with application of electric current are negligible,
see Barakati and Zhupanska (2012b) for an in-depth discus-
sion of this issue). The box constraints on the fall and rise
times τe and τs are selected in order to ensure realistic cur-
rent profiles (as in the case of the lower bound) as well as
to avoid numerical difficulties with convergence of the de-
scribed above optimization procedures (as in the case of the
upper bound).

During the optimization procedure, the initial values for
both first and second stage solution vectors θθθ and θθθ ′(ω),
ω ∈ Ω , were chosen as follows: J0 = 1.0×106 A/m2, τs =

4.8 ms, τe = 4.8 ms.
We would like to comment briefly on the choice of the

initial solution in our problem. In general, problems (12),
(20) are non-convex, whereby the choice of the initial solu-
tion point is crucial for reaching a local or global minimum.
In the present work, the initial solution was selected using
the physics-based considerations presented in our prelimi-
nary studies on this subject (Chernikov et al, 2015), where a
deterministic problem of vibration mitigation in composite
plates via application of an alternating (not pulsed) current
was considered. Particularly, it was observed that although
the objective (10) is indeed non-convex, its value is much
more sensitive to the changes in the current frequency than
current amplitude. Moreover, the objective function exhib-
ited a sequence of local minima, which corresponded to cur-
rent frequencies that are approximately equal to multiples
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Fig. 2 Iteration history of the objective function value and the pro-
jected gradient norm

of the frequency of vibrations of the plate due to mechan-
ical load only. To achieve the global minimum, the initial
solution should have had current frequency close to the fre-
quency of mechanical-only vibrations. These observations
were taken into account when selecting the initial solution
point as presented above.

Figure 2 illustrates the history of iterations of the values
of the objective function (12) and the norm of its gradient
during the optimization procedure described in Section 4.4.

The optimal solution of the two-stage stochastic PDE-
constrained optimization problem (12) (or (20)) obtained
during the described above solution process is presented
in Table 2, which contains the parameters (J0,τs,τe) of
the waveform (23) of electric current as the components
of the first-stage solution vector θθθ and second-stage vec-
tors θθθ ′(ωi), i= 1,2,3. The corresponding optimal waveform
profiles of the electric current (23) are shown in Figure 3.
Again, we emphasize the structure of the obtained two-stage
stochastic solution: during the time interval [0,T0], i.e., from
t = 0 until t = 10 ms, the optimal first-stage electric current
(J0 = 2.51×106 A/m2, τs = 11.12 ms, τe = 19.65 ms) is ap-
plied in order to minimize the expected plate deflection due
to an uncertain impact load. According to the assumptions
of our model, the parameters of the actual realization of the
randomized impact load (i.e., the actual observed scenario)
become known by time t = T0 = 10 ms, and, depending on
the observed scenario, the parameters of the electric current
are “switched” at t = T0 to the corresponding second-stage
solution values so as to minimize post-impact vibrations of
the plate. For example, if it is determined that the impact
was “light”, i.e., an impact load corresponding to scenario
ω1 was observed during [0,T0], then at t = T0 the parame-
ters of the electric current are changed to J0 = 108 A/m2,
τs = 5.16 ms, τe = 2.68 ms.

The resulting vibrations of the plate during the time in-
terval [0,T1] (i.e., from 0 to 50 ms) are displayed for each
scenario, along with the corresponding current profile, in
Figure 4. Note that in all three subfigures of Figure 4, the
profile of the electric current between t = 0 and t = 10 ms
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Table 2 Optimal parameters of the electric current (23) obtained after
solving the two-stage stochastic PDE-constrained optimization prob-
lem (12).

Parameter First stage Second stage, scenario
ω1 ω2 ω3

J0, 106×A/m2 2.51 100.0 1.02 100.0
τs, ms 11.12 5.16 9.07 3.71
τe, ms 19.65 2.68 0.01 3.08
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Fig. 3 Optimal electric current waveforms as specified in Table 2.

is the same and represents the first-stage solution (due to
the differences in the maximum impact pressure across the
scenarios, the subfigures use different scales on the vertical
axes). It is also of interest to note that in scenarios ω1 and
ω2 the electromagnetic load applied during the first stage is
such that it causes the plate to deflect in the direction op-
posite to the direction of impact. This observation is also in
accord with the formulated model: the first stage solution
minimizes the plate deflection “on average”; in addition, the
magnitude of maximum impact pressure in scenario ω3 is
two to almost three times higher than those in scenarios ω1
and ω2.

Figure 5 presents, for each of the three scenarios, the
comparisons of the plate’s transverse deflection with and
without application of the (optimal) electromagnetic field. It
is clear that the constructed two-stage stochastic optimiza-
tion solution allows for significant suppression of vibrations
caused by uncertain impact load in all three scenarios. It can
be seen from Figure 5 that, while the developed two-stage
model and the corresponding optimal parameters of the elec-
tromagnetic field result in substantial dampening of post-
impact vibrations, the vibrations are not suppressed com-
pletely. This is a natural consequence of the fact that the
impact load is uncertain, and therefore it is impossible to
provide the “best” response to each of the possible scenar-
ios.

Next we illustrate the effectiveness of the developed
framework in the situation when the impact load is known
beforehand, i.e., when it can be regarded deterministic. One
can expect that in this case the parameters of the electromag-
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Fig. 4 Transverse deflection of the plate and optimal electric current
waveforms corresponding to different impact load scenarios.

netic field can be tuned to achieve a much better mitigation
of post-impact effects comparing to the stochastic case.

In particular, we assume that the deterministic impact
load has the same parameters as the load of scenario ω2, in
accordance to expression (21) and Table 1. It is then conve-
nient to consider that the stochastic problem is solved under
the assumption that all scenarios, except ω2, are impossible,
i.e.,

P(ω1) = 0, P(ω2) = 1, P(ω3) = 0.

This implies that in the scenario-based formulation (20)
of the two-stage stochastic PDE-constrained optimization
problem (12) the terms in the objective function that cor-
respond to scenarios ω1 and ω3 are eliminated, and, in ad-
dition, the constraints that enforce satisfaction of the PDE
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Fig. 5 Transverse deflection in the center of the plate vs. time for dif-
ferent scenarios.

equations and boundary conditions in scenarios ω1, ω3 are
also disregarded.

Note, however, that the two-stage structure of the solu-
tion of (20) is still preserved, which means that at t = T0
the parameters of the applied electric current are allowed
to change. In other words, electric currents of two different
waveforms determined by θθθ and θθθ ′(ω2) are applied during
time intervals [0,T0] and [T0,T1], respectively. During the
time interval [0,T0], electric current with parameters given
by the first stage solution θθθ is used to optimally mitigate the
impact itself, while during [T0,T1] the electric current with
parameters θθθ ′(ω2) then suppresses the post-impact effects.

With exception of modifications just described, the rest
of the parameters of the problem are the same as before. The
obtained solution of this deterministic problem is given in

Table 3 Optimal parameters of the electric current in the deterministic
case when impact load has the same parameters as in scenario ω2 of
the stochastic case.

Parameter First stage Second stage, ω2

J0, 106×A/m2 1.69 4.78
τs, ms 10.01 5.82
τe, ms 133.21 1.89
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Fig. 6 Transverse deflection of the plate in the deterministic case that
is based on scenario ω2.

Table 3. Figure 6 shows the transverse middle plane deflec-
tion, wc, at the center of the plate, y= 0, as a function of time
for the cases when only the mechanical load is present, and
when the optimal electromagnetic field is applied as well.
It is easy to see that in a deterministic setting the proposed
framework is capable of practically eliminating the vibra-
tions.

6 Conclusions

In this work, a two-stage stochastic PDE-constrained opti-
mization methodology is developed for the active vibration
control of structures in the presence of uncertainties in me-
chanical loads. The solution methodology includes a black-
box first-order optimization procedure embedded in the two-
stage stochastic optimization formulation. The black-box
first-order optimization procedure consists of solving a sys-
tem of governing PDEs and automatic differentiation with
hyper-dual numbers for computing the objective function
and its gradient, respectively; and applying a first-order
active-set algorithm with a conjugate gradient method for
solving the optimization problem.

The developed optimization methodology is applied to
the problem of post-impact vibration control (via applied
electromagnetic filed) of an electrically conductive carbon
fiber reinforced composite plate subjected to a stochastic im-
pact load. The system of governing PDEs describing such
a problem consists of nonlinear equations of motion and
Maxwell’s equations. The randomized impact load applied
to the plate is modeled by equiprobable scenarios with dif-
ferent parameters of maximum impact pressure and impact
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duration. The electromagnetic load is comprised of a time-
dependent electric current applied in the fiber direction and
a constant in-plane magnetic field applied in the direction
perpendicular to the electric current. Electric current wave-
form characteristics (i.e., the maximum current density, fall
and rise times) constitute the vector of optimization vari-
ables, or control parameters. The optimal solution of the
two-stage stochastic PDE-constrained optimization problem
represents a sequence of control actions, where the first-
stage electric current waveform is applied at the moment of
impact without knowing the actual impact load parameters;
the second-stage electric current waveform represents a cor-
rective action, which is applied when the parameters of the
actual impact load have been observed/identified. The re-
sults show that the constructed two-stage optimization solu-
tion allows for a significant suppression of vibrations caused
by the randomized impact load in all impact load scenarios.
Lastly, the effectiveness of the developed methodology is il-
lustrated in the case of a deterministic impact load, where
the two-stage strategy enables one to practically eliminate
post-impact vibrations.

The two-stage stochastic control framework is applica-
ble to many engineering problems involving physical sys-
tems that are subject to uncertain conditions. The developed
two-stage stochastic PDE-constrained optimization formu-
lation can generally be extended to mechanical engineering
problems where field coupling effects can be used to change
the mechanical response of solids, fluids, and structures. In
particular, possible extensions include stochastic control of
piezomaterials, magnetorheological fluids, etc.
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