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Abstract

In this work, we consider a class of risk-averse maximum weighted subgraph problems (R-
MWSP). Namely, assuming that each vertex of the graph is associated with a stochastic weight,
such that the joint distribution is known, the goal is to obtain a subgraph of minimum risk satisfying
a given hereditary property. We employ a stochastic programming framework that is based on the
formalism of modern theory of risk measures in order to find minimum-risk hereditary structures in
graphs with stochastic vertex weights. The introduced form of risk function for measuring the risk
of subgraphs ensures that optimal solutions of R-MWS problems represent maximal subgraphs. A
graph-based branch-and-bound algorithm for solving the proposed problems is developed and illus-
trated on a special case of risk-averse maximum weighted clique problem. Numerical experiments
on randomly generated Erdös-Rényi graphs demonstrate the computational performance of the de-
veloped branch-and-bound algorithm.

Keywords: Risk-averse maximum weighted subgraph problem, risk-averse maximum clique prob-
lem, maximum weight clique problem, stochastic weights, coherent risk measures

1 Introduction and motivation

For decades, network problems with topologically exogenous information have occupied a prominent
place in the graph theory and network science literature. A popular class of problems of this type involves
finding a subset of minimum or maximum weight and conforming to a prescribed structural property in
a graph whose vertices are characterized by deterministic weights [4, 5, 14, 22, 25]. Several influential
studies have established a foundation for exact combinatorial solution algorithms for such problems
[6, 11, 26]. Most notably, Carraghan and Pardalos [11] developed a backtracking branch-and-bound
method for efficiently solving the maximum clique problem by exploiting the hereditary property [30]
of complete subgraphs. Many extensions of their work improved upon the process of reducing the
search space by using vertex coloring schemes for branching and for obtaining upper bounds on the
maximum achievable subgraph order (see, e.g., [10, 17, 29]). Analogous weight-based procedures have
also been used when seeking a maximum weight subgraph in the presence of deterministic vertex weights
[4, 21, 25].

Significant emphasis has also been placed on network problems with uncertain exogenous information
evidenced in various forms that influences the overall topology, flow distribution and costs, etc. Partic-
ularly common are considerations of stochastic factors in context of network flow and vehicle routing
problems where uncertainties are attributed to arc capacities or node demands [3, 9, 15, 16]. Also, a
number of studies examined the effects of probabilistic arc failures in networks [1, 31] and introduced
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risk-based approaches to minimize the corresponding flow losses [8, 28]. The problem of finding a
subset of vertices of maximum cardinality that form a clique with a specified probability, given that
edges in the graph can fail with some probabilities, is studied in [23]; a similar approach in application
to certain clique relaxations is pursued in [34]. Although uncertainties in most of the aforementioned
cases influence decisions related to directed network flows, far less emphasis has been placed on exam-
ining decision making regarding optimal subgraph topologies and resource allocation in settings where
uncertainties are induced by stochastic factors associated with network vertices.

In this work, we employ a stochastic programming framework that is based on formalism of risk measures
[18], and in particular, coherent risk measures [2, 12], in order to find minimum-risk structures in graphs
with stochastic vertex weights. Namely, we consider a class of risk-averse maximum weighted1 subgraph
problems (R-MWSP) that represent a stochastic extension of the so-called maximum weight subgraph
problems considered in the literature in the context of hereditary graph-theoretical properties. We pro-
pose a graph-based branch-and-bound algorithm for solving problems in the R-MWSP class, which is
generally applicable to maximum weight subgraph problems where a subgraph’s weight is given by a
super-additive function whose evaluation requires solving an optimization problem. As an illustrative
example of the proposed concepts, we consider a risk-averse maximum weighted clique problem.

The remainder of the paper is organized as follows. In Section 2 we introduce the general formulation
of R-MWS problems and discuss their properties. Section 3 presents solution methods for R-MWSP, in-
cluding a mathematical programming formulation and a graph-based (combinatorial) branch-and-bound
method. Finally, Section 4 considers a numerical case study on solving risk-averse maximum weighted
clique problems, where risk is quantified using a class of nonlinear coherent risk measures, in randomly
generated graphs with various densities.

2 Risk-averse stochastic maximum vertex problem

Let G D .V;E/ be an undirected graph where each vertex i 2 V has a positive weight wi > 0. For any
subset S of its vertices, let GŒS� denote the subgraph of G induced by S , i.e., a graph such that any of its
vertices i; j are connected by an edge if and only if .i; j / is an edge in G.

Property … is said to be hereditary with respect to induced subgraphs (hereditary for short) if for any
graph satisfying … the removal of a vertex preserves … in the resulting induced subgraph. Examples of
hereditary properties include “complete”; “independent”, or “stable”; “degree constrained”; “planar”,
etc. Given a hereditary property …, it may be of interest to find a subgraph of G that satisfies … and has
the largest additive weight, which is known as the maximum weight subgraph problem, or the maximum
weight … problem:

max
S�V

nX
i2S

wi W GŒS� satisfies …
o
: (1)

A subgraph of G that satisfies … and whose order cannot be further increased without violating …
is known as a maximal …-subgraph; the largest such subgraph represents the maximum …-subgraph.
Obviously, an optimal solution of the maximum weight … problem (1) is necessarily a maximal …-
subgraph, but may not be its maximum …-subgraph.

1The rationale for the chosen terminology is explained in Remark 1.
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Finding subgraphs of maximum weight with hereditary properties represents a large and important class
of graph theoretical problems. A seminal result regarding maximum subgraph problems with hereditary
properties was established by Yannakakis [33]. Particularly, property … is called nontrivial if it is sat-
isfied by a single-vertex graph and not satisfied by every graph, and is called interesting if the order of
graphs satisfying … is unbounded. Then, the following holds:

Theorem 1 (Yannakakis [33]) If property … is hereditary with respect to induced subgraphs, nontriv-
ial, and interesting, then the maximum … problem

max
S�V

˚
jS j W GŒS� satisfies …

	
is NP-complete.

It is straightforward that the statement of this theorem extends to the version of the maximum weight …
problem (1). Some of the most well known instances of (1) include the maximum weight clique problem
(MWCP) and maximum weight independent set problem.

Now we pose the question that served as motivation for the present endeavor: What if the vertex weights
wi are uncertain? In this case, extending the deterministic formulation (1) into the stochastic domain is
not straightforward and requires additional considerations. Indeed, minimization of the random quantity
that is represented by the sum of random weights in (1) is ill-posed in the context of decision making
under uncertainty that requires a deterministic optimal solution. Therefore, the sum of stochastic weights
in the objective has to be replaced with a statistical functional that utilizes the distributional information
about the weights’ uncertainties. The traditional stochastic optimization approach, for example, involves
seeking the best “expected outcome”, which in this setting would translate into maximizing the expected
weight of an induced subgraph GŒS�. It is easy to see, however, that maximization of the expected
subgraph weight trivially reduces to the deterministic maximum weight … formulation with expected
vertex weights: E

�P
i2S wi

�
D
P
i2S Ewi .

In this work, we pursue a risk-averse approach and consider the problem of finding the subgraph of G
that satisfies property … and has the lowest risk. Namely, let Xi denote a stochastic variable that is
associated with vertex i 2 V and assume that the joint distribution of vector XG D .X1; : : : ; XjV j/ is
known. Assuming that the random quantities Xi , i 2 V , represent costs or losses, consider the problem
of finding the minimum-risk subgraph in G with property …, or the risk-averse maximum weighted …
problem:

min
S�V

˚
R.S IXG/ W GŒS� satisfies …

	
: (2)

In formulation (2), the functional R.S IXG/ quantifies the risk of the induced subgraph GŒS� given the
distributional information XG , and is undefined as yet.

In order to formally define the risk R.S IXG/ of a subgraph GŒS� in (2), we invoke the concept of risk
measure that is well known in stochastic optimization literature [18]. Namely, given a probability space
.�;F ;P /, where � is the set of random events, F is the � -algebra, and P is the probability measure, a
risk measure is defined as a mapping � W X 7! R, where X is a linear space of F-measurable functions
X W � 7! R. This basic definition is typically augmented by additional properties, such as convexity,
monotonicity, etc. (see below) that are dictated by applications.
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Then, given a risk measure � that we additionally assume to be lower semi-continuous (l.s.c.), the risk
R.S IXG/ of a subgraph of G induced on a set of vertices S � V.G/ with uncertain vertex weights Xi
can be defined as an optimal value of the following stochastic programming problem:

R.S IXG/ D min
�
�

�X
i2S

uiXi

�
W

X
i2S

ui D 1; ui � 0; i 2 S

�
: (3)

Recall that function f W X 7! R is l.s.c. if and only if the sets fX 2 X W f .X/ � ag are closed for all
a 2 R. Obviously, lower semi-continuity of risk measure � is necessary for the minimization problem in
(3) to be well-posed. In the sequel, it will be implicitly assumed that the risk measure � in (3) is l.s.c.

The rationale behind definition (3) of subgraph risk function R.�/ is that, similarly to many “nice” risk
measures, such as those discussed below, it allows for risk reduction through diversification:

Proposition 1 Given a graph G D .V;E/ with stochastic weights Xi , i 2 V , and a l.s.c. risk measure
�, the subgraph risk function R defined by (3) satisfies

R.S2IXG/ � R.S1IXG/ for all S1 � S2: (4)

Proof: For S1 � S2, denote

u.k/ 2 arg min
�
�

� X
i2Sk

uiXi

�
W

X
i2Sk

ui D 1I ui � 0; i 2 Sk

�
; k D 1; 2:

Then, one immediately has

R.S2IXG/ D �
� X
i2S2

u
.2/
i Xi

�
� �

� X
i2S1

u
.1/
i Xi C

X
j2S2nS1

0 �Xj

�
D R.S1IXG/;

due to lower semicontinuity of risk measure �. �

Note that the power of definition (3) via solution of a stochastic programming problem is evidenced in
the fact that the property (4) of risk reduction via diversification property holds for any l.s.c. risk measure
� W X 7! R. Secondly, property (4) implies the following important observation regarding the optimal
solution of the risk-averse maximum weighted … problem (2):

Corollary 1 There exists an optimal solution of the risk-averse maximum weighted … problem (2) with
R.S IXG/ defined by (3) that is a maximal …-subgraph in G.

Remark 1 The introduced problem (2) of finding minimum-risk subgraphs with risk defined by (3)
is strongly related to the class of maximum-weight subgraph problems (1), in the sense that both are
concerned with weighted graphs, and their optimal solutions can be represented by maximal subgraphs;
however, in contrast to (1), an optimal solution of (2)–(3) is not a subgraph of maximum “weight”. To
emphasize the similarities and differences with (1), we call the risk-minimization problem (2) a “risk-
averse maximum weighted subgraph problem”.
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In this respect, it is worth mentioning that the presented framework differs from other recent studies
that also utilized formally defined risk measures for quantifying the risk in graphs, but relied on explicit
maximization of the subgraph’s cardinality or weight while requiring that its risk be bounded (see, e.g.,
[23, 34]):

min
S�V

˚
jS j W Risk.S/ � c0; GŒS� satisfies …

	
:

Indeed, the proposed definition (3) of risk function R in the R-MWS problem (2) implies that maximiza-
tion of a solution’s cardinality is a consequence of risk minimization via diversification.

Further properties of R.S IXG/ depend on those of the risk measure � in (3). In this work we assume �
to belong to a family of coherent measures of risk. According to [2], risk measure � is called coherent if
it satisfies the following four properties (axioms):

(A1) monotonicity: �.X/ � �.Y / for all X; Y 2 X such that X � Y ;

(A2) subadditivity: �.X C Y / � �.X/C �.Y / for all X; Y 2 X ;

(A3) positive homogeneity: �.�X/ D ��.X/ for all X 2 X and � > 0;

(A4) transitional invariance: �.X C a/ D �.X/C a for all X 2 X and a 2 R.

An intuitive interpretation of the above axioms is as follows. Axiom (A1) guarantees that lower losses
yield lower risk. The sub-additivity axiom (A2) is important in the context of risk reduction via diversi-
fication. It is also of fundamental significance from the optimization viewpoint, since it yields, together
with the positive homogeneity axiom (A3), the all-important convexity property:

�.�X C .1 � �/Y / � ��.X/C .1 � �/�.Y / for all X; Y 2 X ; � 2 Œ0; 1�:

The positive homogeneity property (A3) postulates that losses and risk scale correspondingly. Axiom
(A4) ensures that a constant change in X will translate equivalently in risk �.X/.

The next proposition states that when the risk measure � in (3) is coherent, or at least possesses properties
(A1), (A3), (A4), then the corresponding subgraph risk function R.S IXG/ satisfies properties analogous
to (A1), (A3), (A4) with respect to the stochastic weights vector XG .

Proposition 2 Let G D .V;E/ be an undirected graph, and XG D .X1; : : : ; XjV j/, and YG D
.Y1; : : : ; YjV j/ be vectors of stochastic weights whose components are defined on the same linear space
X . If the risk measure � in (3) is l.s.c. and satisfies axioms (A1), (A3), and (A4) of coherency, then for any
induced subgraph GŒS� the subgraph risk function R defined in (3) satisfies the following properties:

(G1) R.S IXG/ � R.S IYG/ for all XG � YG;

(G2) R.S I�XG/ D �R.S IXG/ for all XG and � > 0;

(G3) R.S IXG C a1/ D R.S IXG/C a for all a 2 R;

where 1 is the vector of ones, and the vector inequality XG � YG is interpreted component-wise.
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Proof: Consider, for example, property (G1). Denoting, as before,

uZ 2 arg min
�
�

�X
i2S

uiZi

�
W

X
i2S

ui D 1I ui � 0; i 2 S

�
;

we have

R.S IXG/ D �
�X
i2S

uXi Xi

�
� �

�X
i2S

uYi Xi

�
:

On the other hand, from Xi � Yi it follows thatX
i2S

uYi Xi �
X
i2S

uYi Yi ;

whence

�

�X
i2S

uYi Xi

�
� �

�X
i2S

uYi Yi

�
D R.S IYG/:

Properties (G2) and (G3) are verified similarly. �

Observe that R.S IXG/ does not obey the sub-additivity with respect to the stochastic weights, i.e., in
general

R.S IXG C YG/ — R.S IXG/CR.S IYG/:

With respect to the traditional risk measures � W X 7! R, the failure to satisfy the sub-additivity require-
ment (or, if positive homogeneity also does not hold, the convexity requirement) implies that such a risk
measure is ill fitting for risk reduction via diversification. In other words, it is possible that diversification
can result in an increased risk exposure, as measured by a non-subadditive (correspondingly, nonconvex)
risk measure �.

In the context of proposed risk function R for subgraphs, risk reduction via diversification is already
ascertained by (4), which, with respect to the problem of finding a …-subgraph with the smallest risk,
ensures that adding new vertices to the existing feasible solution that satisfies a hereditary property …
is always beneficial, provided that … is not violated by the addition of new vertices. Yet, under an
additional assumption that the stochastic vertex weights have non-negative support, i.e., XG � 0, the
subgraph risk function R.S IXG/ can be shown to be “set-subadditive”. Namely, one has

Proposition 3 Let the stochastic vertex weights Xi , i 2 V; of graph G D .V;E/ satisfy Xi � 0, i 2 V .
Then, for any S1; S2 � V the subgraph risk function R.S IXG/ defined by (3) satisfies

R.S1 [ S2IXG/ � R.S1IXG/CR.S2IXG/; (5)

provided that the risk measure � in (3) is l.s.c. and satisfies (A1) and (A2).

Proof: If � satisfies axioms (A1) and (A2), then �.X/ � 0 for any X � 0. Immediately, one has
R.S1 [ S2IXG/ � R.S1IXG/ � R.S1IXG/CR.S2IXG/. �

Naturally, in the context of risk-averse maximum weighted … problems where … is hereditary, one
should also require that S1, S2, and S1 [ S2 satisfy ….

Note that the assumption of nonnegative support for vertex weights Xi is analogous to the standard
assumption of positive vertex weights in hereditary maximum weight subgraph problems such as the
maximum clique and independent set problems [5, 27].
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3 Solution approaches for risk-averse maximum weighted subgraph
problems

In this section we consider a mathematical programming formulation for the R-MWS … problem (2),
where the risk R.S/ of induced subgraph GŒS� is defined as in (3), and propose a graph-based, or
combinatorial branch-and-bound algorithm that represents an extension of the well-known branch-and-
bound schemes for the maximum clique problem [11, 25, 26].

3.1 A mathematical programming formulation

Given a graph-theoretic property…, let binary decision variables xi indicate whether node i 2 V belongs
to a subset S , such that the induced subgraph GŒS� satisfies …:

xi D

(
1; i 2 S such that GŒS� satisfies …
0; otherwise:

Further, let ……G.x/ � 0 denote the structural constraints such that for any Qx 2 f0; 1gjV j, ……G.Qx/ � 0 if
and only if GŒ QS� satisfies …, where QS D fi 2 V W Qxi D 1g. Then, the following proposition, which we
give without proof, formalizes a mathematical programming representation for the risk-averse maximum
weighted … problem (2) with risk R.S IXG/ defined by (3) if the property … is hereditary on induced
subgraphs:

Proposition 4 Let G D .V;E/ be an undirected graph with stochastic vertex weights Xi , i 2 V , and
… be a property hereditary on induced subgraphs. Then, the R-MWS … problem (2) with risk defined by
(3) can equivalently be represented as a mixed 0–1 programming problem

min �
�
u>XG

�
s: t: u>1 D 1

u � x
……G.x/ � 0

x 2 f0; 1gjV j; u 2 RjV j
C
:

(6)

When the property … in (6) denotes graph completeness, one can choose, for example, the well-known
edge formulation of the maximum clique problem (see, e.g., [27]) to represent the structural constraints
in (6) as ˚

x 2 f0; 1gjV j W ……G.x/ � 0
	
D
˚
x 2 f0; 1gjV j W xi C xj � 1 for all .i; j / 2 E

	
;
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where E represents the complement edges of graph G, whereby the mathematical programming formu-
lation of the R-MWS clique problem (2)–(3) takes the form

min �
�X
i2V

ui Xi

�
s. t.

X
i2V

ui D 1

ui � xi ; i 2 V

xi C xj � 1; .i; j / 2 E

xi 2 f0; 1g; ui � 0; i 2 V:

(7)

Formulations (6)-(7) allow for handling risk measures � whose representations come in the form of
mathematical programming problems, and can be solved with appropriate (nonlinear) mixed integer
programming solvers.

A combinatorial branch-and-bound algorithm that allows for exploiting the structure of problems (6)-(7)
imposed by the underlying graph G is described next.

3.2 A graph-based branch-and-bound algorithm

The combinatorial branch-and-bound (BnB) algorithm works by navigating between “levels” of the BnB
tree until a subgraph of G that satisfies property … and is guaranteed to be of lowest risk as measured
by (3) is found. The algorithm starts at level ` D 0 with a partial solution Q WD ;, incumbent solution
Q� WD ;, and a global upper bound L� WD C1 on risk of Q�. Throughout the algorithm, the partial
solution Q contains the vertices in V such that GŒQ� has property …, and set Q� induces, per Corollary
1, a maximal …-subgraph whose risk equals L� in G hitherto.

Within the current branch of the BnB tree, “level” ` is associated with the candidate set C` of vertices
such that any single vertex of C` can be added to the current partial solutionQ without violating property
…. Branching is performed by removing a branching vertex q fromC` and adding it to the partial solution
Q. The algorithm is initialized with C0 WD V , and, as soon as the partial solution Q is updated after
branching at level `, the corresponding candidate set at level `C1 is constructed by removing all vertices
from C` whose inclusion in Q would break the property …, i.e.,

C`C1 WD fi 2 C` W GŒi [Q� satisfies …g: (8)

As a result, immediately after branching at level ` the cardinality of partial solution set Q is equal to
jQj D `C 1.

The bounding step of the BnB algorithm involves evaluating the quality of the solution that can be
obtained by exploring further the subgraph induced by vertices in Q [ C`C1. Observe that an exact
approach of directly finding the …-subgraph with the lowest possible risk that is contained in GŒQ [
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C`C1� entails solving the following restriction of problem (6):

R.Q [ C`C1IXG/ D min �
�
u>XG

�
s: t: u>1 D 1

u � x;
……G.x/ � 0;

x 2 f0; 1gjV j; u 2 RjV j
C
;

xi D 0; i 2 V n .Q [ C`C1/:

(9)

As (9) is a (nonlinear) mixed 0–1 problem, solving it at every node of the BnB tree is impractical. Instead,
a lower bound on the value of R.Q [ C`C1IXG/ given by (9) can be computed. However, in contrast
to the traditional mixed integer programming approach of constructing a lower bound by relaxing the
integrality constraints, we formulate a lower bound problem by completely eliminating the 0-1 variables
xi along with the structural constraints:

R.Q [ C`C1IXG/ � L.Q [ C`C1/ WD min �
�X
i2V

ui Xi

�
s. t.

X
i2V

ui D 1

ui D 0; i 2 V n .Q [ C`C1/

ui � 0; i 2 Q [ C`C1:

(10)

Observe that the structural constraints ……G.x/ � 0 in problem (9) are satisfied by variables fxi W i 2 Qg
(since GŒQ� satisfies…), as well as by variables fxi W i 2 Q[ j0g for each j0 2 C`C1 (since GŒQ[ j0�
for each vertex j0 in C`C1 also satisfies …, per definition (8) of the candidate set C`C1). Hence, the
corresponding structural constraints are redundant in (9). On the other hand, the structural constraints
are not necessarily satisfied by variables fxi W i 2 C`C1g and fxi W i 2 Q [ C`C1g, since GŒC`C1�
and GŒQ [ C`C1� do not necessarily satisfy …. Thus, (10) is a relaxation of (9), and, by virtue of
Proposition 1, the solution to (10) provides a lower bound on the minimum risk achievable in any …-
subgraph induced on the union of Q with any subset of C`C1, i.e.,

L.Q [ C`C1/ � R.Q [ C`C1IXG/ � R.Q [ S IXG/ for any S � C`C1:

Observe that if `0 D `C 1 represents the next level in the BnB tree, and Q0 is the corresponding partial
solution, then due to the definition (8) of candidate set one has

.Q0 [ C`0C1/ � .Q [ C`C1/;

whence the risk R.Q [ C`C1IXG/ does not decrease as ` increases (or, in other words, as new vertices
are added to the partial solution Q and the algorithm proceeds to deeper levels ` of the BnB tree). We
next show that this observation is an effective bounding criterion to obtain a …-subgraph of lowest risk
in G.

Depending on the computed value of L.Q[C`C1/, the algorithm branches further or prunes/backtracks
as follows. If L.Q[C`C1/ � L�, then the vertex q is removed fromQ and the corresponding branch of
the BnB tree is fathomed due to the fact that there exists no possibility of achieving a reduction in risk by
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sequential branching/refinement. Further, if C` ¤ ;, another branching vertex is selected and removed
from C` and added to Q. Otherwise, if C` D ;, the algorithm backtracks to level ` � 1.

In the case of L.Q [ C`C1/ < L� and C`C1 ¤ ;, the algorithm proceeds to select a branching vertex q
at the next level `C1. If L.Q[C`C1/ < L� and C`C1 D ;, the subgraph induced by the partial solution
Q represents a maximal …-subgraph in G and is declared as the new incumbent solution, Q� WD Q, the
global upper bound on risk is updated L� WD L.Q[C`C1/, and the algorithm backtracks to level `� 1.

With regard to the branching rule, the observed computational performance suggests that branching on
a vertex q with the smallest value of �.Xq/ or EXq is most effective. To this end, vertices in the set
C0 D V are pre-sorted during the initialization phase of the algorithm in descending order with respect
to their risks �.Xi / or expected values EXi , and then the last vertex in C` is selected for branching.

The outlined branch-and-bound procedure for R-MWS problems is formalized as Algorithm 1.

Algorithm 1: Graph-based branch-and-bound method for R-MWSP

1 Initialize: ` WD 0; C0 WD V IQ WD ;I Q� WD ;I L� WD 1;
2 while .not STOP/ do
3 if C` ¤ ; then
4 select a vertex q 2 C`;
5 C` WD C` n q;
6 Q WD Q [ q;
7 C`C1 WD fi 2 C` W i [Q satisfies …g;
8 solve L.Q [ C`C1/;
9 if L.Q [ C`C1/ < L� then

10 if C`C1 ¤ ; then
11 ` WD `C 1I

12 else
13 Q� WD Q;
14 L� WD L.Q [ C`C1/;
15 Q WD Q n q;

16 else
17 Q WD Q n q;
18 if ` D 0 then
19 STOP

20 else
21 ` WD ` � 1;
22 if ` D �1 then
23 STOP

24 Q WD Q n q;

25 return Q�;

Depending on the particular form of risk measure �, evaluation of the lower bound by solving the relaxed
problem (10) can be relatively expensive and be a major contributor to the overall computational cost of
the proposed algorithm. Then, certain efficiencies in computing the lower bound value via (10) can be
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implemented by taking into account the properties of the subgraph risk function R. Specifically, if at any
point .Q[C`C1/ � .Q0[C 0/, whereQ0 and C 0 are a partial solution and a candidate set for which the
lower bound value L.Q0 [ C 0/ is known to exceed the current global upper bound, L.Q0 [ C 0/ � L�,
then L.Q [ C`C1/ � L.Q0 [ C 0/ � L� due to Proposition 1. The vertex q under consideration is
then removed from Q and the corresponding subproblem is fathomed. In practice, however, retaining
the list of sets .Q0 [ C 0/ with L.Q0 [ C 0/ � L� and checking whether the current Q [ C`C1 is a
subset of some Q0 [ C 0 has proven computationally expensive for even moderately sized problems, and
is most notably exacerbated in graph topologies that contain a large number of maximal …-subgraphs
(for example, when the graph density increases in the context of risk averse maximum weighted clique
problem). Therefore, a more modest approach is considered where only the vertices from incumbent
solutions Q� are retained and tested against unfathomed sets .Q [ C`C1/.

4 Case study: Risk-averse stochastic maximum weighted clique problem
with higher moment coherent risk measures

In this section we discuss the computational framework and conduct numerical experiments demonstrat-
ing the computational performance of the proposed BnB algorithm when solving the risk-averse maxi-
mum weighted clique problem (7). We use a family of higher-moment coherent risk (HMCR) measures
that were introduced in [19] as optimal values to the stochastic programming problem of the form

HMCR˛;p.X/ D min
�2R

�C .1 � ˛/�1
.X � �/C

p
; ˛ 2 .0; 1/; p � 1; (11)

where XC D maxf0;Xg and kXkp D
�
EjX jp

�1=p. The HMCR measures are nonlinear measures of
risk that quantify the risk of loss distribution X via its tail moments, and are particularly suitable for
measuring risk in heavy-tailed data. HMCR measures possess a number of important properties, such as
coherence, isotonicity with respect to the second-order stochastic dominance, which implies consistency
with the expected utility theory, and so on. A popular case of (11), also known as the Conditional
Value-at-Risk (CVaR) or Expected Shortfall risk measure, arises when p D 1:

CVaR˛.X/ D min
�2R

�C .1 � ˛/�1E.X � �/C; ˛ 2 .0; 1/: (12)

Mathematical programming models containing HMCR measures in the objective or constraints can be
formulated using p-order cone constraints. Traditionally to stochastic programming, the set of random
events� is considered to be discrete,� D f!1; : : : ; !N g, with the corresponding probabilities P .!k/ D
�k > 0, such that �1 C � � � C �N D 1. Then, the mathematical programming formulation (7) with risk
measure �.X/ selected as HMCRp;˛.X/ takes the form of a mixed integer p-order cone programming
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(MIpOCP) problem:

min �C .1 � ˛/�1t

s. t. t � k.y1; : : : ; yN /kp

�
�1=p

k
yk �

X
i2V

uiXik � �; k D 1; : : : ; NX
i2V

ui D 1

ui � xi ; i 2 V

xi C xj � 1; .i; j / 2 E

xi 2 f0; 1g; ui � 0; i 2 V I yk � 0; k D 1; : : : ; N;

(13)

whereXik is the realization of the stochastic weight of vertex i 2 V under scenario k, k D 1; : : : ; N , and
the scenario probabilities P .X1 D X1k; : : : ; XN D XNk/ D �k . Similarly, the lower bound problem
(10) for the combinatorial branch-and-bound algorithm described in the previous section takes the form

L.Q [ C`C1/ D min �C .1 � ˛/�1t

s. t. t � ky1; : : : ; yN kp

�
�1=p

k
yk �

X
i2V

uiXik � �; k D 1; : : : ; NX
i2V

ui D 1

ui � 0; i 2 Q [ C`C1

ui D 0; i 2 V n .Q [ C`C1/

yk � 0; k D 1; : : : ; N:

(14)

In cases when p D 1 or 2, problems (13) and (14) reduce to linear programming (LP) and second order
cone programming (SOCP) models, respectively. Both represent well established subjects in optimiza-
tion, for which a range of efficient solvers exist. However, no efficient long-step self-dual interior point
methods exist for solving p-order conic constrained problems when p 2 .1; 2/ [ .2;1/ due to the fact
that the p-cone is not self-dual in this case. Below we discuss solution methods based on polyhedral
approximations of p-order cones and representation of rational-order p-cones via second order cones.

Both these approaches rely on “lifting” a p-order cone into a higher dimensional space by representing
it as an intersection of a (large) number of three-dimensional (3D) cones.

In order to construct a polyhedral approximation of p-cone t � k.y1; : : : ; yN /kp, it first can be equiva-
lently represented as a chain of 3D p-cone inequalities of the form [7, 32]:

t D y2N�1; yNCj � k.y2j�1; y2j /kp; j D 1; : : : ; N � 1: (15)

Then, each 3D p-cone in (15) is replaced with its (outer) gradient polyhedral approximation in the form
of mC 1 circumscribed planes:

yNCj � y2j�1
cosp�1��

.cosp�� C sinp��/
1� 1

p

C y2j
sinp�1��

.cosp�� C sinp��/
1� 1

p

; �� D
��

2m
; � D 0; : : : ; m:

(16)
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The resulting approximating LP problem can be solved by an efficient cutting plane algorithm that admits
generation of cutting planes in a constant time that does not depend on the accuracy of approximation
[20, 32].

Alternatively, an exact solution of a p-order cone programming problem can be obtained by means of
reformulating it as a SOCP problem in the case when the parameter p is a rational number. For example,
in the case of p D 3, the p-order cone t � k.y1; : : : ; yN /k3 can be represented via 2N rotated 3D
quadratic cones [24]:

t D ´1 C : : :C ´N ; y2j � tvj ; v2j � j́ vj ; j D 1; : : : ; N: (17)

Both the described polyhedral approximation approach and SOCP reformulation approach have been
employed in our implementation of the combinatorial branch-and-bound algorithm of Section 3.2 in the
cases when the lower bound problem (14) is nonlinear, i.e., when p > 1.

Specifically, a polyhedral approximation of the lower bound problem (14) was solved at each node of the
BnB tree instead of the exact the nonlinear problem (14) itself. This allows for a significant reduction in
the computational cost of the BnB method, since the warm-start capabilities of LP simplex solvers can
be utilized during repeated solving of the approximating LP problem.

The exact solution method that is based on the SOCP reformulation is employed for solving (14) once
an incumbent solution is found, and the corresponding optimal value is used to update the global upper
bound L�. Due to the fact that the described polyhedral approximation is an outer approximation, one
has

LLP.Q [ C`C1/ � L.Q [ C`C1/; (18)

where LLP.Q [ C`C1/ is the optimal value given by the polyhedral (LP) approximation of the lower
bound problem. This implies that for anyQ[C`0C1 containing an incumbent solutionQ�, the following
holds

LLP.Q [ C`0C1/ � LLP.Q
�/ � L.Q�/ D L�;

which guarantees the correctness of the BnB algorithm relying on polyhedral approximations. Note,
however, that inequality (18) also implies that the use of polyhedral approximations instead of the exact
nonlinear formulation of the lower bound problem (14) allows for delayed pruning of “non-promising”
branches of the BnB tree in situations when

LLP.Q [ C`C1/ < L
�
� L.Q [ C`C1/:

Still, in our experience, the computational savings due to the use of polyhedral approximations during
the BnB procedure greatly outweigh the costs of possible delayed pruning.

Note also that in the special case of p D 1, when �.X/ D CVaR˛.X/, the lower bound problem (14) is
an LP problem and thus requires no polyhedral approximation or SOCP reformulation.

4.1 Setup of the numerical experiments and results

The numerical studies of the risk-averse maximum weighted clique problem were conducted on ran-
domly generated Erdös-Rényi graphs [13] of orders jV j D 50; 100; 150; 200 and average densities d D
0:2; 0:5, and 0:8. The stochastic weights of graphs’ vertices were generated as i.i.d. samples from the
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uniform U Œ0; 1� distribution. In particular, we generated scenario sets with N D 50; 100; 200; 500; 1000
scenarios for each combination of graph order and density. The risk measure � has been selected as an
HMCR measure (11) with p D 1; 2; 3 and ˛ D 0:9.

The combinatorial branch-and-bound algorithm of Section 3.1 with the additional specializations de-
scribed above has been coded in C++, and we used the CPLEX Simplex and Barrier solvers for solving
the polyhedral approximations and SOCP reformulations of the p-order cone programming lower bound
problem (14), respectively. In the case of p D 1, the CPLEX Simplex solver was used to solve the lower
bound problem directly.

The performance of the developed BnB method was compared with that of the mathematical program-
ming formulation (13) of the risk-averse maximum weighted clique problem. The MIpOCP problem
(13) was solved with CPLEX MIP solver in the case of p D 1, and CPLEX MIP Barrier solver was
applied to the SOCP version of (13) in the case of p D 2 or SOCP reformulation of (13) in the case of
p D 3.

The computations were ran on an Intel Xeon 3.30GHz PC with 128GB RAM, and version 12.5 of the
CPLEX solver in Windows 7 64-bit environment was used.

Table 1 summarizes the computational times, averaged over five instances, corresponding to the afore-
mentioned problem configurations with a fixed number of scenarios of N D 100. Observe that the BnB
algorithm provides one to two orders of magnitude advantage in running time over the CPLEX MIP
solver for all configurations, except that of p D 1 and d D 0:8. For the consecutive set of experiments,
Table 2 demonstrates the effect of variations in the scenario size N for different graph orders and values
of p while maintaining a constant average graph density of d D 0:5. The specified edge probability
was chosen due to the fact that the size of the mathematical programming (13) formulation is density
dependent. Mainly, the number of structural constraints xi C xj � 1; .i; j / 2 E in (13) increases as
d decreases. The opposite relationship holds true for the BnB algorithm, as the search space expands
with the number of edges. Thus, a “fair” comparison between the two solution methods can be made on
graphs with density d D 0:5.

It follows from Tables 1 and 2 that the computational advantages of the combinatorial BnB algorithm
over the direct solution approach become more pronounced (up to two orders of magnitude) with increase
in p, i.e., as full formulation (13) and the lower bound problem (14) become more difficult. Also of
interest is the fact that the BnB method often yields better solution times for problems with p D 3 than
p D 2. This is a consequence of a known property of the employed cutting-plane algorithm for solving
polyhedral approximations of p-order cone programming problems, which becomes more effective as p
increases [20].

5 Conclusions

In this study, we have considered a class R-MWS problems which entail finding a network subgraph
of minimum risk satisfying some hereditary structural property. We employ the HMCR measures as a
rigorous framework for quantifying the distributional information of the stochastic vertex weights. By
means of diversification properties of the introduced optimization-based risk function for measuring risk
of subgraphs, it was shown that the inclusion of additional vertices in a partial solution promotes the min-
imization of risk; hence, optimal solutions to R-MWS problems are maximal subgraphs. A combinatorial
branch-and-bound algorithm utilizing the risk- and graph-related aspects of the problem structure was de-
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d D 0:2 d D 0:5 d D 0:8

p jV j BnB CPLEX BnB CPLEX BnB CPLEX

1 50 0.08 1.10 0.37 1.31 3.04 1.90
100 0.24 6.43 4.02 28.06 206.46 121.27
150 0.74 38.37 26.86 220.17 4065.16 2434.66
200 1.67 118.13 73.73 1074.93 — —

2 50 0.40 18.54 1.66 45.67 14.50 156.26
100 1.38 110.67 19.37 412.90 956.93 2555.77
150 3.37 629.38 124.99 2293.96 6154.76 —
200 3.68 2822.38 166.44 — — —

3 50 1.35 54.58 2.38 91.98 14.15 273.10
100 2.43 215.97 17.66 625.52 716.22 4644.90
150 4.41 927.03 102.28 3560.27 — —
200 7.24 3031.77 412.74 — — —

Table 1: Average computation times� (in seconds) obtained by solving problem (13) using the proposed BnB algorithm and
CPLEX with risk measure (11) and scenarios N D 100. All running times are averaged over 5 instances and symbol “—”
indicates that the time limit of 7200 seconds was exceeded.

jV j D 50 jV j D 100 jV j D 150 jV j D 200

p N BnB CPLEX BnB CPLEX BnB CPLEX BnB CPLEX

1 50 0.19 1.15 1.40 11.88 4.43 43.49 13.09 130.45
100 0.37 1.31 4.02 28.06 26.86 220.17 73.73 1074.93
200 0.87 3.01 14.64 71.93 84.83 443.74 329.76 2550.12
500 4.70 10.40 72.90 219.40 429.80 1794.60 2118.60 —

1000 14.87 28.82 259.48 702.97 1909.48 6094.66 — —

2 50 0.80 22.96 4.10 167.30 12.89 961.32 37.67 3668.54
100 1.66 45.67 19.37 412.90 124.99 2293.96 166.44 —
200 6.57 109.72 131.44 907.95 797.04 5961.69 900.50 —
500 61.10 552.80 970.10 — 3221.70 — — —

1000 194.59 965.69 3669.37 — — — — —

3 50 1.22 34.85 3.96 245.79 11.99 1040.01 34.30 3847.40
100 2.38 91.98 17.66 625.52 102.28 3560.27 412.74 —
200 5.21 261.83 60.59 2388.44 333.61 — 1424.27 —
500 20.10 1299.60 248.70 — 1751.90 — — —

1000 58.00 3277.93 768.53 — 5634.04 — — —

Table 2: Average computation times (in seconds) obtained by solving problem (13) using the proposed BnB algorithm and
CPLEX with risk measure (11) and edge density d D 0:5. All running times are averaged over 5 instances and symbol “—”
indicates that the time limit of 7200 seconds was exceeded.

veloped and tested on a special case of the risk-averse maximal clique problem. Numerical experiments
on randomly generated Erdös-Rényi graphs demonstrate that the proposed algorithm may significantly
reduce solution times relative to an equivalent mathematical programming counterpart. Notably, im-
provements were observed for all the tested graph configurations when using the HMCR measures with
p D 2; 3, and for graphs with edge probabilities of less than 0.8 when using an HMCR measure with
p D 1.
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[13] P. Erdös and A. Rényi. On the evolution of random graphs. 5:17–61, 1960.

[14] R. G. Gallager, P. A. Humblet, and P. M. Spira. A distributed algorithm for minimum-weight
spanning trees. ACM Trans. Program. Lang. Syst., 5(1):66–77, Jan. 1983.

16



[15] G. D. Glockner and G. L. Nemhauser. A dynamic network flow problem with uncertain arc capac-
ities: Formulation and problem structure. Operations Research, 48(2):233–242, 2000.

[16] A. Gupta, V. Nagarajan, and R. Ravi. Technical noteapproximation algorithms for vrp with stochas-
tic demands. Operations Research, 60(1):123–127, 2012.

[17] J. Konc and D. Janezic. An improved branch and bound algorithm for the maximum clique problem.
proteins, 4:5, 2007.

[18] P. Krokhmal, M. Zabarankin, and S. Uryasev. Modeling and optimization of risk. Surveys in
Operations Researh and Management Science, 16(2):49–66, 2011.

[19] P. A. Krokhmal. Higher moment coherent risk measures. Quantitative Finance, 7:373–387, 2007.

[20] P. A. Krokhmal and P. Soberanis. Risk optimization with p-order conic constraints: A linear pro-
gramming approach. European Journal of Operational Research, 201(3):653–671, 2010.

[21] D. Kumlander. A new exact algorithm for the maximum-weight clique problem based on a heuristic
vertex-coloring and a backtrack search.

[22] D. Kumlander. On importance of a special sorting in the maximum-weight clique algorithm based
on colour classes. In H. Le Thi, P. Bouvry, and T. Pham Dinh, editors, Modelling, Computation and
Optimization in Information Systems and Management Sciences, volume 14 of Communications in
Computer and Information Science, pages 165–174. Springer Berlin Heidelberg, 2008.

[23] Z. Miao, B. Balasundaram, and E. Pasiliao. An exact algorithm for the maximum probabilistic
clique problem. Working paper.

[24] Y. Morenko, A. Vinel, Z. Yu, and P. Krokhmal. On p-norm linear discrimination. European Journal
of Operational Research, 231(3):784–789, 2013.
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