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Abstract

In this work, we study the problem of detecting risk-averse low-diameter clusters in graphs. It
is assumed that the clusters represent k-clubs and that uncertain information manifests itself in the
form of stochastic vertex weights whose joint distribution is known. The goal is to find a k-club
of minimum risk contained in the graph. A stochastic programming framework that is based on the
formalism of coherent risk measures is used to quantify the risk of a cluster. We show that the selected
representation of risk guarantees that the optimal subgraphs are maximal clusters. A combinatorial
branch-and-bound algorithm is proposed and its computational performance is compared with an
equivalent mathematical programming approach for instances with k D 2; 3; and 4.
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1 Introduction

Graphs are effective tools for modeling many real-world systems and the complex interactions between
their components. A typical graph model assigns vertices to represent a system’s components and a
set of edges to describe the connections and/or relationships between them. Well-known examples of
such frameworks are represented by many systems studied in social network analysis, transportation,
telecommunications, computational finance, and so on. Additionally, graph-based data mining meth-
ods [18] provide powerful techniques for analyzing and understanding systems whose descriptive data
may be represented using a graph.

A principal application of graph-based data mining involves the identification of subgraphs, referred
to as clusters, corresponding to subsystems with a given structural or functional property. For example,
in social networks, detecting highly-connected clusters can be used for advertising and marketing pur-
poses [22, 23, 46]; in stock market graphs, it can be used for identifying diverse portfolios [12]; and in
call graphs, it can be used for detecting communicating clusters [1].

One of the basic problems in this context entails finding the largest “perfectly” cohesive group within
a network such that the confined members are all interconnected, also known as the maximum clique
(complete subgraph) problem. Several prominent studies provided the basis for exact combinatorial
solution algorithms for the maximum clique problem [8, 16, 33]. In particular, Carraghan and Pardalos
[16] introduced a recursive branch-and-bound method for finding maximum cliques by exploiting the
heredity property [42] of complete subgraphs. Subsequent extensions of their work enhanced the process
of reducing solution space via vertex coloring schemes for estimation of upper bounds on the maximum
achievable subgraph sizes during the branch-and-bound procedure (e.g. [15, 24, 41]).

In many practical applications, the requirement that the desired subgraph must be complete may,
however, impose excessive restrictions and therefore warrant some structural relaxation in terms of clus-
ter connectivity. As a consequence, a number of clique relaxation models have been proposed in graph
theory literature, which relax the completeness property relative to the degree of the member vertices,
their distance from each other, or the density of the subgraph. A comprehensive review of clique relax-
ation models is provided in [10]. In the present work, we focus on a specific type of clique relaxation,
known as the k-club [3], which represents a subgraph whose members are connected via at most k � 1
intermediary members. The k-club model effectively represents low-diameter clusters that may reveal
valuable information embedded in social, financial, and telecommunication networks. Several recent
studies proposed combinatorial branch-and-bound methods and presented complexity results associated
with finding maximum k-clubs in graphs [13, 17, 34, 39].

An important extension of the described class of problems involves the imposition of topologically
exogenous information in the form of deterministic vertex weights, and correspondingly finding a subset
of maximum weight that conforms to a defined structural property. Similar exact weight-based branch-
and-bound solution techniques have been developed for determining the maximum-weight subgraphs [7,
28, 32].

Numerous circumstances may further justify the imposition of uncertain exogenous information over
the graph’s edges that influences network flow distribution, robustness, and costs [4, 6, 14, 20, 21, 44].
However, far fewer endeavors consider decision making relative to the optimal allocation of resources
over defined subgraph topologies when uncertainties are induced by stochastic factors associated with
network vertices [38]. For example, in social networks or call graphs, the uncertainties related to the
value or reliability of the information provided by each entity can be modeled by random weights on ver-
tices whose relationships or communications are presented by edges. Similarly, in stock market graphs,
the uncertainties associated with returns on investments from different assets can be defined as random
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weights assigned to their corresponding vertices, with edges linking highly correlated assets (vertices).
In this study, we extend the techniques introduced in [38] to address problems of finding subgraphs of

minimum risk that represent a k-club. A probabilistic framework utilizing the distributional information
of stochastic vertex weights by means of coherent measures of risk [5, 19] is employed to define a
risk-averse k-club (RA-k) problem as finding the lowest risk k-club in a network. As an illustrative
example, we focus on instances when k D 2; 3; 4, and utilize a mathematical programming formulation
introduced in [43] for finding a maximum k-club in a graph. A combinatorial branch-and-bound method
for finding a largest k-club [13, 17, 34] is also modified to accommodate the conditions of RA-k problem
via risk-based branching and bounding schema. We compare the solution performance of the proposed
branch-and-bound algorithm relative to solving the mathematical programming formulation for the RA-k
problem using a state-of-the-art commercial solver.

The remainder of the paper is organized as follows. In Section 2, we examine the general representa-
tion of RA-k problem and discuss its properties. Section 3 presents a mathematical programming formu-
lation and a combinatorial branch-and-bound method for solving the RA-k problem. Finally, Section 4
furnishes numerical studies demonstrating the computational performances of the developed branch-and-
bound method and the aforementioned mathematical programming approach on problems where risk is
quantified using higher-moment coherent risk measures [27].

2 Risk-averse k-club problem

Given an undirected graph G D .V;E/ and any subset of its vertices S � V , let GŒS� represent the
subgraph of G induced by S , i.e., GŒS� D .S;E \ .S � S//. Let Q denote the desired property
which the induced graph GŒS� must satisfy. The present work considers the case when Q represents a
certain relaxation of the completeness property, such that a subgraph with property Q represents a clique
relaxation.

Depending on the characteristic of a complete graph that is relaxed, clique relaxations can be cate-
gorized into density-based [1, 2, 35], degree-based [40], and distance-based [3, 29, 30] relaxations. In
this work, property Q represents a special distance-based relaxation of the completeness property. For a
formal definition, let dG.i; j / denote the distance between nodes i; j 2 V in graph G, measured as the
number of edges in a shortest path between i and j in G. Then, a subset of vertices S � V of graph G
is called a k-clique if

max
i;j2S

dG.i; j / � k:

Note that the definition of the k-clique does not require that the shortest path between i; j 2 S belong
to GŒS�. If one requires that the shortest path between any two vertices i; j in S belong to the induced
subgraph GŒS�, then the subset S such that

max
i;j2S

dGŒS�.i; j / � k; (1)

is called a k-club. Note that a k-club is also a k-clique, while the inverse is not true in general. By
definition, 1-cliques and 1-clubs are cliques. Throughout the remainder of this study, we let �G.k/
denote the set of all k-clubs in graph G:

�G.k/ D
˚
S � V W dGŒS�.i; j / � k; 8i; j 2 S

	
: (2)

Additionally, a k-club is said to be maximal, if it is not strictly contained in another k-club; and a
maximum k-club is a k-club of the largest order in graph G.
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A popular class of graph-theoretical problems is represented by the maximum weight subgraph prob-
lems, which are concerned with finding a subset S of vertices in G such that the induced subgraph
satisfies the given property Q and has the largest weight (defined as the sum of its vertices’ weights).
The maximum weight k-club problem is then formulated as

max
nX
i2S

wi W S 2 �G.k/
o
; (3)

where wi � 0 represents the weight of vertex i and the set �G.k/ is defined by (2). Clearly, an optimal
set S in problem (3) will be maximal, but not necessarily maximum (of the largest order) set with property
Q. If the weight of each vertex is one, the maximum weighted k-club problem is simply referred to as
the maximum k-club problem.

In this work, we consider an extension of problem (3) that assumes stochastic vertex weights. In this
case, a direct translation into a stochastic framework is not straightforward due to the fact that the maxi-
mization of random weights would be ill-posed in context of stochastic programming resulting from the
absence of a deterministic optimal solution. Likewise, maximization of the expected weight of the sought
set is rather uninteresting in the sense that it reduces to the deterministic version of the problem presented
above. A more suitable approach, thus, involves computing the subgraph’s weight via a (nonlinear) sta-
tistical function that utilizes the distributional information about the weights’ uncertainties, rather than a
simple sum of its vertices’ stochastic weights. In particular, we pursue a risk-averse approach so as to
find the subgraph of G that has the lowest risk and satisfies property Q. Let Xi denote a random variable
that represents the costs of losses associated with vertex i 2 V , such that the joint distribution of vector
XG D .X1; : : : ; XjV j/ is known. Then, the problem of finding the minimum risk subgraph in G that has
property Q, or the risk-averse Q problem takes the form:

min
˚
R.S IXG/ W S � V and GŒS� satisfies Q

	
; (4)

where R.S IXG/ is the risk associated with set S given the distributional information XG . In the partic-
ular case when property Q ensures that the subgraph in question is a k-club, formulation (4) defines the
risk-averse k-club problem (RA-k),

min
˚
R.S IXG/ W S 2 �G.k/

	
; (5)

which represents a risk-averse stochastic generalization of the deterministic maximum weight k-club
problem (1), as shown below.

A constructive form of risk function R.S IXG/ can be introduced by employing the well-known in
stochastic optimization literature concept of risk measure [26]. Given a probability space .�;F ;P/,
where � is the set of random events, F is the � -algebra, and P is a probability measure, a risk measure
� is defined as a mapping � W X 7! R, where X is a linear space of F-measurable functions X W
� 7! R. In what follows, the space X is assumed to possess the properties necessary for the risk
measures introduced below to be well-defined. Namely, X is supposed to allow for a sufficient degree of
integrability, in particular, EjX j < 1, and be endowed with an appropriate topology, e.g., the topology
induced by convergence in probability. Lastly, we consider risk measures that are proper functions on
X , i.e., �.X/ > �1 for all X 2 X and fX 2 X W �.X/ <1g ¤ ;.

Then, assuming that risk measure � is lower semi-continuous (l.s.c.), the risk R.S IXG/ of a set
S � V with uncertain vertex weights Xi , i 2 V , can be defined as the optimal value of the following
stochastic programming problem:

R.S IXG/ D min
�
�

�X
i2S

uiXi

�
W

X
i2S

ui D 1I ui � 0; i 2 S

�
: (6)
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Note that this definition of the set risk function R.�/ admits risk reduction through diversification as
illustrated by the following proposition:

Proposition 1 ([38]) Given a graph G D .V;E/ with stochastic weights Xi , i 2 V , and a l.s.c. risk
measure �, the set risk function R defined by (6) satisfies

R.S2IXG/ � R.S1IXG/ for all S1 � S2: (7)

The following observation regarding the optimal solution of the risk-averse Q problem (4) stems
directly from property (7):

Corollary 1 There exists an optimal solution of the risk-averse Q problem (4) with R.S IXG/ defined
by (6) that is a maximal set with property Q in G.

Additional properties of R.S IXG/ as defined by (6) ensue from the assumption that the risk measure
� belongs to the family of coherent measures of risk [5], i.e., satisfies the properties of monotonicity,
�.X/ � 0 for all X � 0; subadditivity, �.X C Y / � �.X/ C �.Y /; transitional invariance, �.X C
c/ D �.X/ C c for all c 2 R; and positive homogeneity, �.�X/ D ��.X/ for all � > 0. Then, the
corresponding set risk function R.S IXG/ satisfies analogous properties with respect to the stochastic
weights vector XG ,

(G1) monotonicity: R.S IXG/ � R.S IYG/ for all XG � YG ;

(G2) positive homogeneity: R.S I�XG/ D �R.S IXG/ for all XG and � > 0;

(G3) transitional invariance: R.S IXG C a1/ D R.S IXG/C a for all a 2 R;

where 1 is the vector of ones, and the vector inequality XG � YG is interpreted component-wise.
Observe that R.S IXG/ violates in general the subadditivity requirements with respect to the stochas-

tic weights. However, risk reduction via diversification is guaranteed by (7), which ensures that the in-
clusion of additional vertices to the existing feasible solution is always beneficial. Further, under the
assumption of nonnegative stochastic vertex weights, XG � 0, the set risk R.S IXG/ can be shown to
be subadditive with respect to subsets of V ,

R.S1 [ S2IXG/ � R.S1IXG/CR.S2IXG/; S1; S2 � V: (8)

Clearly, it is required that S1, S2, and S1 [ S2 satisfy property Q in conformance to the context of
risk-averse Q problems.

3 Solution approaches for risk-averse k-club problems

In this section, we first address the computational complexity of the RA-k problem for any fixed positive
integer k, and show that this problem is NP-hard. We then propose two exact solution algorithms for
this problem. First, we consider a mathematical programming approach for the RA-k problem, where
the risk R.S IXG/ of a set S 2 �G.k/ is defined by (6). To this end, we take advantage of a recent
formulation for the maximum k-club problem developed by Veremyev et al. [43]. Next, we propose
a combinatorial branch-and-bound algorithm for solving RA-k problem that utilizes the same solution
space processing principles for finding maximum k-clubs as the ones used in [13, 17, 34].
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In order to establish the problem’s complexity and derive the corresponding solution methods, we
need to introduce additional assumptions on the properties of stochastic weights XG and risk measure
� involved in the definition of the risk-averse k-club problem (5). Namely, throughout this section it
is assumed that the stochastic weights Xi of vertices i 2 V are nonnegative and rational-valued, Xi W
� 7! QC, i 2 V , where QC denotes the set of nonnegative rational numbers. Also, the corresponding
probability measure P is rational-valued, i.e., PfXi D Xi .!/g 2 QC\ Œ0; 1� for all ! 2 � and all i 2 V .
Similarly, we assume that the risk measure � is such that �.X/ 2 Q whenever X and the underlying
probability measure are rational-valued. In addition, we restrict our attention to risk measures that are
expectation-bounded1 [37], i.e., such that �.X/ > EX for all non-constant X , and �.X/ D EX for all
constant X , or such X that X D const with probability 1.

3.1 Computational complexity

In this section, we derive the computational complexity of the the risk-averse k-club problem from the
complexity of the more general class of risk-averse Q problems (4).

For a given property Q, the decision version of risk-averse Q problem, denoted by hG;XG ; �; ci, is
as follows. Given a graph G D .V;E/, a vector of stochastic weights XG , a l.s.c. risk measure �, and a
c 2 Q, determine whether there exists a set S � V such that GŒS� satisfies Q and R.S IXG/ < c. We
also consider the deterministic maximum Q problem:

maxfjS j W S � V and GŒS� satisfies Qg; (9)

and its decision version, denoted as hG; qi: given a graph G D .V;E/ and an integer q, is there a subset
of V that has property Q and order larger than q?

Theorem 1 If property Q is such that the decision version of (deterministic) maximum Q problem is
NP-hard, then the decision version of risk-averse Q problem is also NP-hard, provided that the risk
measure � is proper, l.s.c., and expectation-bounded.

Proof: The intractability of the risk-averse Q problem is proved by a polynomial-time reduction from the
maximum Q problem. Given a graph G D .V;E/ and a fixed positive integer q, consider the decision
version of the maximum Q problem hG; qi. For any such maximum Q decision problem hG; qi, we
replicate OG D G and let OXi for all i 2 V be a set of independently and identically distributed random
variables with Bernoulli distribution, such that Pf OXi D 0g D Pf OXi D 1g D 1

2
for all i 2 V . As a risk

measure, we select O�.X/ D �2.X/C EX , where �2.X/ denotes the variance of X . Obviously, O�.X/ is
expectation bounded, as well as l.s.c. and proper, so that the corresponding set risk function R is well
defined. It is easy to see that the set risk function R.S; OX OG/ becomes equal to

R.S; OX OG/ D min
n
�2
�X
i2S

ui OXi

�
C
1

2
W

X
i2S

ui D 1I ui � 0; 8i 2 S
o

D
1

4jS j
C
1

2
:

This procedure constructs in polynomial time an instance hG; OXG ; O�; 14q C
1
2
i of risk-averse Q problem

such that there exists a Q-subgraph of order larger than q in G if and only if there exists a Q-subgraph

1“Expectation-boundedness” is also known as “aversity” [36], but we use the former term in this work so as to avoid
semantic confusion when referring to “risk-averse” subgraphs.
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S in G such that R.S I OXG/ < 1
4q
C
1
2

. This shows that the decision version of risk-averse Q problem is
NP-hard if the maximum Q problem is NP-hard. �

The computational complexity of RA-k problem, which we are concerned with in this work, follows
readily from Theorem 1 due to the fact that (deterministic) maximum k-club problem is known to be
NP-hard [9]:

Corollary 2 The decision version of risk-averse k-club problem (RA-k) is NP-hard, provided that risk
measure � is proper, l.s.c., and expectation-bounded.

The condition that risk measure � in the risk-averse Q problem (4) be l.s.c. and proper ensures
that the resulting set risk function R is well-defined. Expectation-boundedness, on the other hand, is
imposed so as to avoid situations in which the risk-averse Q problem becomes trivial. In the presented
framework we advocate for use of coherent measures of risk when constructing the set risk function (6).
It turns out, however, that if one selects �.X/ D EX , which is formally a coherent risk measure yet does
not measure “risk”, then the corresponding problem (4) is polynomially solvable, and, moreover, the
solution is trivial. This can be viewed as an additional supporting argument for pursuing the risk-averse
approach when dealing with graph-theoretical problems on graphs with stochastic vertex weights, since
the traditional “expectation”-based, or risk-neutral approach to problems with stochastic vertex weights
may not yield interesting results. The following proposition formalizes the above observation.

Proposition 2 Consider the risk-averse Q problem (4), where the risk measure � is such that for any
G D .V;E/, XG , and S � V ,

arg min
�
�

�X
i2S

uiXi

�
W

X
i2S

ui D 1I ui � 0; 8i 2 S

�
D

n
u 2 RjS j W uiS D 1I ui D 0; 8i 2 S n fiSg

o
;

(10)

and iS in (10) is computable in polynomial time. Then, the risk-averse Q problem is polynomially
solvable, provided that property Q is such that one can determine in polynomial time whether there
exists a Q-subgraph of G containing a given i 2 V .

Proof: Obviously, condition (10) implies that

R.S;XG/ D �.XiS / D min
i2S

�.Xi /:

Then, in polynomial time one can compute �.Xi0/ D mini2V �.Xi / and it can be verified whether
S0 3 i0 exists such that GŒS0� satisfies Q. If not, �.i1/ D mini2V nfi0g �.Xi / is computed and existence
of S1 3 i1 such that GŒS1� satisfies Q is verified in polynomial time, and so on. Clearly, the risk-averse
Q problem can thus be solved in polynomial time. �

It is easy to see that �.X/ D EX constitutes a special case of the risk measure described in Proposi-
tion 2, and

R.S;XG/ D min
i2S

EXi :

On a related note, Theorem 1 also establishes the computation complexity of risk-averse maximum
hereditary subgraph problems that were discussed in our previous work [38]. Recall that property Q is
called hereditary with respect to induced subgraphs if for any graph G that satisfies Q, removal of any
its vertex creates an induced subgraph that also satisfies Q. Further, property Q is called interesting if the
order of graphs that satisfy it is unbounded, and it is called nontrivial if it is satisfied by a single-vertex
graph and is not satisfied by every graph (see, e.g., [47]).
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Corollary 3 If property Q is hereditary with respect to induced subgraphs, interesting, and nontrivial,
and risk measure � is l.s.c., proper, and expectation-bounded, then the risk-averse Q problem is NP-
hard.

Note that the k-club property is not hereditary with respect to induced subgraphs.

3.2 A mathematical programming formulation

In this section, we formulate the RA-k problem as a (generally nonlinear) mixed integer programming
program. To this effect, let binary decision variables xi indicate whether node i 2 V belongs to a subset
S :

xi D

(
1; i 2 S

0; otherwise:

When the property Q denotes a k-club, one can choose the edge formulation of the maximum k-club
problem proposed by Veremyev et al. [43], whereby the mathematical programming formulation of the
RA-k problem takes the form

min �
�X
i2V

ui Xi

�
(11a)

s. t.
X
i2V

ui D 1; (11b)

ui � xi ; i 2 V; (11c)

y
.k/
ij � xi C xj � 1; 8i; j 2 V; i ¤ j; (11d)

y
.1/
ij D 0; 8.i; j / 2 E; i ¤ j; (11e)

y
.l/
ij D y

.1/
ij ; 8.i; j / 2 E; l 2 f2; : : : ; kg; (11f)

y
.l/
ij �

X
t W.i;t/2E

y
.l�1/
tj ; 8.i; j / 2 E; l 2 f2; : : : ; kg; (11g)

y
.l/
ij � xi ; y

.l/
ij � xj ; y

.l/
ij D y

.l/
j i ; 8i; j 2 V; l 2 f1; : : : ; kg; (11h)

xi 2 f0; 1g; ui � 0; y
.l/
ij 2 Œ0; 1�; 8i; j 2 V; l 2 f1; : : : ; kg; (11i)

where E represents the set of all complement edges of graph G. Note that nonlinearity in (11) is at-
tributable to the possible nonlinearity of the risk measure �. Appropriate nonlinear mixed-integer pro-
gramming solvers can be used to solve formulation (11) provided that risk measure � in admits a suitable
mathematical programming representation. A combinatorial branch-and-bound algorithm for solving
RA-k problem is described next.

3.3 A combinatorial branch-and-bound algorithm

The combinatorial branch-and-bound (BnB) algorithm for solving problem (11) processes solution space
by traversing “levels” of the BnB tree to find a subgraph GŒS� that represents a maximal k-club of
minimum risk in G as measured by (6). The algorithm begins at level ` D 0 with a partial solution
Q WD ;, incumbent solution Q� WD ;, and an upper bound on risk L� WD C1 (risk induced by Q�).
Partial solution Q is composed of vertices that may potentially become a k-club during latter stages of
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the algorithm, while Q� contains vertices corresponding to a maximal k-club whose risk, L�, is the
smallest up to the current stage. A set of “candidate” vertices C` is maintained at each level `, from
which a certain branching vertex v` is selected and added to the partial solution Q, or simply deleted
from set C` without being added to Q. Note that the initial candidate set is C0 WD V . To ensure proper
navigation between the levels of the BnB tree, the notation PC

`
or P�

`
is used to indicate whether the last

node of the BnB tree at level ` was created by adding v` to Q, or by deleting v` from C` without adding
it to Q, respectively.

Whenever a BnB tree node is created at the consecutive level ` C 1, a candidate set C`C1 is con-
structed by removing all vertices from C` whose pairwise distances from the vertices in Q exceed k in
the induced graph GŒQ [ C`�:

C`C1 WD
˚
j 2 C` W dGŒQ[C`�.i; j / � k; 8i 2 Q

	
:

Observe that the refinement of C` may disrupt the structural integrity of the partial solution if the elim-
inated candidate vertices serve as distance intermediaries (i.e., comprise the shortest paths) between the
vertices in Q. In other words, the distance between at least one pair of vertices i; j 2 Q exceeds k
upon removal of one or more vertices from C` when constructing C`C1. Due to this inherent distance-
based dependence of k-clubs, additional considerations are warranted whenever creating a BnB node by
either adding or deleting a vertex v` (i.e., PC

`
or P�

`
, respectively). Therefore, the necessary structural

properties of Q and C`C1 at each BnB node are

(C1) Q is a k-clique in GŒQ [ C`C1�, and

(C2) dGŒQ[C`�.i; j / � k; 8i 2 Q; 8j 2 C`C1.

After constructing setC`C1 (condition (C2) is satisfied by definition ofC`C1), if vertices inC`nC`C1
do serve as distance intermediaries, their removal imposes violations with respect to condition (C1). In
such cases,Q cannot become a k-club by exploring deeper levels of the tree and the corresponding node
of the BnB tree is fathomed2 by infeasibility via violation of condition (C1).

Whenever condition (C1) is satisfied, the next step entails evaluating the quality of the solution that
can be obtained from the subgraph induced by vertices in Q [ C`C1. An exact approach for directly
finding a k-club with the lowest possible risk contained in GŒQ[C`C1� would involve solving problem
(11) with xi D 0 for all i 2 V n.Q[C`C1/; we denote the corresponding solution by S.Q[C`C1IXG/.
Solving such a (nonlinear) mixed 0–1 program at every node of the BnB tree is clearly impractical.
Instead, the following relaxation problem is utilized to obtain a valid lower bound on S.Q[C`C1IXG/:

L.Q [ C`C1IXG/ WD min �
�X
i2V

ui Xi

�
s. t.

X
i2V

ui D 1;

ui D 0; i 2 V n .Q [ C`C1/

ui � 0; i 2 Q [ C`C1:

(12)

If L.Q [ C`C1IXG/ � L�, then the corresponding node of the BnB tree is fathomed by bound due to
the fact that sequential refinement can not achieve a further reduction in risk.

In the case when L.Q [ C`C1IXG/ < L� and Q [ ClC1 is a k-club, the new incumbent solution
will be Q� D Q [ ClC1 and the global upper bound on risk is updated, L� D L.Q [ C`C1IXG/. In

2Indicated in Algorithm 1 by the assignment “fathom WD True”.
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this case, the current BnB node is fathomed by feasibility. If, however, L.Q [ C`C1IXG/ < L� and
Q[ClC1 is not a k-club, a branching vertex v`C1 is selected at the next level `C 1 and BnB node PC

`C1
will be processed.

After fathoming a BnB node, the algorithm backtracks as follows. If the current BnB node is of
type PC

`
, then the vertex v` is removed from Q, and the node associated with the deletion of v`, P�` ,

is created. On the other hand, if the BnB node is of type P�
`

, the algorithm sequentially backtracks to
the last level, `0 < `, associated with a node of type PC

`0 . The node P�
`0 is then constructed by removing

the branching vertex v`0 from Q. Observe that a node can only be of form P�
`

, after PC
`

has been
fathomed/processed.

Empirical observations suggest that branching on a vertex v` with the smallest value of �.Xv`
/ or

EXv`
can significantly enhance computational performance. To this end, the vertices in any candidate

set C` are ordered in descending order with respect to their risks �.Xi / or expected values EXi , and
the last vertex in C` is always selected when adding vertex v` to the partial solution Q. The described
branch-and-bound algorithm procedure for RA-k problem is formalized in Algorithm 1.

As shown in [17], it is important to mention that the number of leaf nodes in the BnB search tree of
Algorithm 1 is O�.1:62jV j/, where the modified notation “O�

�
g.jV j/

�
” implies O

�
g.jV j/ � poly.jV j/

�
for some polynomial function poly.jV j/. Additionally, at each node of the search tree, all pair distances
can be computed in O.jV j3/ time and we solve a linear program to obtain a lower bound on the optimal
solution of the subtree rooted at that node. Therefore, Algorithm 1 runs in O�.1:62jV j/.
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Algorithm 1: Combinatorial branch-and-bound algorithm

1 Initialize: ` WD 0I C0 WD V I Q WD ;I Q� WD ;I L� D1I node WD PC0 I fathom := False;
2 while ` � 0 do
3 if nodeD PC

`
then

4 select a vertex v` 2 C`;
5 C` WD C` n fv`g;
6 Q WD Q [ fv`g;
7 else
8 Q WD Q n fv`g;

9 C`C1 WD fj 2 C` W dGŒQ[C`�.i; j / � k; 8i 2 Qg;
10 if Q is a k-clique in GŒQ [ C`C1� then
11 if L.Q [ C`C1/ < L� then
12 if Q [ C`C1 is a k-club then
13 Q� WD Q [ C`C1;
14 L� WD L.Q [ C`C1/;
15 fathom := True;

16 else
17 fathom := True;

18 else
19 fathom := True;

20 if fathom D True then
21 while ` � 0 and node D P�

`
do

22 ` WD ` � 1;

23 node WD P�
`

;
24 fathom := False;
25 else
26 ` WD `C 1;
27 node WD PC

`
I

28 return Q�;

4 Case study: Risk-averse k-club problem with higher moment coherent
risk measures

In this section, we present a computational framework for problem (11) and conduct numerical exper-
iments demonstrating the computational performance of the proposed BnB algorithm. To this end, we
adopt higher moment coherent risk measures to quantify the risk as described next.

4.1 Higher moment coherent risk measures

The class of higher-moment coherent risk (HMCR) measures was introduced in [27] as optimal values
to the following stochastic programming problem:

HMCR˛;p.X/ D min
�2R

�C .1 � ˛/�1
.X � �/C

p
; ˛ 2 .0; 1/; p � 1; (13)
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where XC D maxf0;Xg and kXkp D
�
EjX jp

�1=p. Mathematical programming problems that contain
HMCR measures can be formulated using p-order cone constraints. Typically, in stochastic program-
ming models, the set of random events � is assumed to be discrete, � D f!1; : : : ; !N g, with the
probabilities Pf!kg D �k > 0, and �1C � � � C�N D 1. The corresponding mathematical programming
model (11) with �.X/ D HMCRp;˛.X/ takes the following mixed 0–1 p-order cone programming form:

min �C .1 � ˛/�1t0

s. t. t0 � k.t1; : : : ; tN /kp;

�
�1=p

k
yk �

X
i2V

uiXik � �; k D 1; : : : ; N;X
i2V

ui D 1;

ui � xi ; i 2 V;

(11d) � (11i);

tk � 0; k D 0; : : : ; N;

(14)

where Xik represents the realization of the stochastic weight of vertex i 2 V under scenario k 2
f1; : : : ; N g. Analogously, the lower bound problem (12) takes the form

L.Q [ C`C1IXG/ D min �C .1 � ˛/�1t0

s. t. t0 � kt1; : : : ; tN kp;

�
�1=p

k
tk �

X
i2V

uiXik � �; k D 1; : : : ; N;X
i2V

ui D 1;

ui � 0; i 2 Q [ C`C1;

ui D 0; i 2 V n .Q [ C`C1/;

tk � 0; k D 0; : : : ; N:

(15)

For instances when p 2 f1; 2g, problems (14) and (15) reduce to linear programming (LP) and second
order cone programming (SOCP) models, respectively. However, in cases when when p 2 .1; 2/[.2;1/
the p-cone is not self-dual and there exist no efficient long-step self-dual interior point solution methods.
Consequently, we employ solution methods for p-order cone programming problems that are based on
polyhedral approximations of p-order cones [45] and representation of rational-order p-cones via second
order cones [31].

4.2 Setup of the numerical experiments and results

Numerical experiments of the risk-averse k-club problem for k D 2; 3; 4 were conducted on randomly
generated Erdös-Rényi graphs of orders jV j D 50; 100; 200 with average densities D.G/ D 0:0125,
0:025, 0:05, 0:1, and 0:15. The specified densities were chosen due to empirical observations indicating
that a graph of order jV j � 50 commonly reduces to a 2-club when the density is in the range Œ0:15; 0:25�.
Clearly, this effect is even more pronounced for k > 2. The stochastic weights of graphs’ vertices were
generated as i.i.d. samples from the uniform U.0; 1/ distribution. Scenario sets with N D 250 scenarios
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were generated for each combination of graph order and density. The HMCR risk measures (13) with
p D 1; 2; 3, and ˛ D 0:9 were used.

The BnB algorithm has been coded in C++, and we used the CPLEX Simplex and Barrier solvers
for the polyhedral approximations and SOCP reformulations of the p-order cone programming lower
bound problem (15), respectively (see [25]). For instances when p D 1, the CPLEX Simplex solver was
utilized to solve problem (15) directly. The computations were conducted on an Intel Xeon 3.30GHz PC
with 128GB RAM, and CPLEX 12.6 solver in Windows 7 64-bit environment was used.

The computational performance of the mathematical programming model (14) was compared with
that of developed BnB algorithm. In the case of p D 1, problem (14) was solved with CPLEX Mixed
Integer Programming (MIP) solver. The CPLEX MIP Barrier solver was used for the SOCP version in
the case of p D 2, and using the SOCP reformulation in the case of p D 3.

Tables 1– 3 present the computational times and the best objective values averaged over five instances
for each graph configuration, as well as the number of instances for which an optimal solution was
attained within a 3600 second time limit. The reported average time is calculated by only considering the
instances where the problem was solved to optimality within the time limit, while the reported average
objective value is calculated by only considering the instances in which at least a feasible solution is
found within the time limit. The symbol “—” was used to indicate that the time limit was exceeded,
and cells containing “NA” correspond to instances for which solution process failed due to CPLEX
running out of memory. Table 1 demonstrates that the BnB algorithm significantly outperforms the
CPLEX MIP solver over all the listed graph configurations when k D 2, achieving up to an order of
magnitude of improvement in computational time. Further, observe that the quality of the average best
objectives obtained by the BnB algorithm was superior whenever both methods failed to reach an optimal
solution within the time limit. In cases when CPLEX failed due to memory capacity issues, the BnB
algorithm either attained an optimal solution or an incumbent solution, in which case the average solution
associated with the best incumbent solutions are provided. Note that the performance of both algorithms
decreases for higher values of p. This becomes particularly pronounced for p D 3 and jV j D 200

in Table 1, where CPLEX could not manage any of the corresponding instances due to the increased
problem size associated with the cutting-plane algorithm for solving polyhedral approximations of p-
order cone programming problems, while the BnB algorithm only solved eleven instances within the
time limit.

A similar improvement in performance can be observed for k D 3 and k D 4 in Tables 2–3. As k
increases, the number of time limit and memory capacity limit violations for CPLEX increases, further
demonstrating the applicability of the proposed BnB method. This observable disadvantage associate
with model (11) results from the fact that the number of constraints in model (11) rapidly increases with
k, thus overwhelming the solver in many cases. All the instances in Table 3 with jV j D 200 are of this
type.

Based on the results presented in Tables 1–3, it is worth noting that as D.G/ increases for a given p
and jV j, the average computation time for the BnB algorithm increases, reaches a maximum value, and
then decreases. This is due to the fact that once D.G/ is large enough, graph G tends to contain larger
components of lower diameter that can be detected at the early stages of the BnB algorithm. Another
interesting observation is that for a given p and D.G/, if jV j is large enough, the average computation
time for BnB algorithm decreases as jV j increases. For instance, in Table 2, for p D 2 andD.G/ D 0:1,
none of the instances with jV j D 100 were solved to optimality, while all the instances with jV j D 200

were solved to optimality within 4.05 seconds on average. This observation can be justified by the fact
that for a given expected edge densityD.G/, if jV j is sufficiently large, the diameter of the random graph
decreases as jV j increases (see, e.g., [11], p. 62). Therefore, in these cases, the graphs with larger jV j
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tend to have larger components of low diameter that can likewise be detected during the early stages of
the BnB algorithm.

In order to demonstrate the applicability of our algorithms on real-life graphs, Tables 4- 6 present the
results obtained from solving various DIMACS graph instances with the same number of scenarios and
distribution of uncertain vertex weights as above. Observe that the BnB method outperforms CPLEX
over the vast majority of tested instances, and more than two orders of magnitude in improvements
were observed for various cases. However, in several cases even the BnB algorithm failed to obtain an
incumbent solution within the time limit (denoted by “1”), underscoring the complex nature of many
real-life graphs.

p D 1 p D 2 p D 3

jV j jV j jV j

D.G/ Algorithm Output 50 100 200 50 100 200 50 100 200

0:0125

Time (s) 0.95 4.46 61.64 32.18 91.33 3043.69 129.07 278.05 NA
CPLEX Instance 5 5 5 5 5 1 5 5 0

Objective 0.23 0.21 0.19 0.28 0.25 0.37 0.30 0.25 NA
Time (s) 0.23 1.04 5.01 8.63 25.13 80.27 35.64 100.08 301.68

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.23 0.21 0.19 0.28 0.25 0.21 0.30 0.25 0.21

0:025

Time (s) 1.44 7.49 177.34 46.96 233.35 — 93.66 352.55 NA
CPLEX Instance 5 5 5 5 5 0 5 5 0

Objective 0.23 0.20 0.17 0.28 0.23 0.54 0.29 0.23 NA
Time (s) 0.24 1.11 7.62 10.90 30.35 167.98 51.66 141.57 746.82

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.23 0.20 0.17 0.28 0.23 0.19 0.29 0.23 0.19

0:05

Time (s) 1.92 14.64 2185.63 60.53 472.10 — 123.17 776.51 NA
CPLEX Instance 5 5 5 5 5 0 5 5 0

Objective 0.20 0.18 0.15 0.23 0.19 0.20 0.24 0.19 NA
Time (s) 0.26 2.02 37.88 15.43 75.50 1087.92 65.07 368.43 3051.66

BnB Instance 5 5 5 5 5 5 5 5 1
Objective 0.20 0.18 0.15 0.23 0.19 0.16 0.24 0.19 0.16

0:1

Time (s) 4.25 322.01 — 150.96 — — 423.76 — NA
CPLEX Instance 5 5 0 5 0 0 5 0 0

Objective 0.18 0.15 0.14 0.20 0.18 0.41 0.20 0.18 NA
Time (s) 0.59 28.51 — 38.03 1451.43 — 183.78 — —

BnB Instance 5 5 0 5 5 0 5 0 0
Objective 0.18 0.15 0.14 0.20 0.16 0.15 0.20 0.16 0.15

0:15

Time (s) 9.48 2832.38 — 1055.83 — — 1862.11 — NA
CPLEX Instance 5 2 0 5 0 0 5 0 0

Objective 0.17 0.14 0.18 0.18 0.16 0.17 0.18 0.16 NA
Time (s) 2.41 2033.67 — 164.06 — — 707.16 — —

BnB Instance 5 3 0 5 0 0 5 0 0
Objective 0.17 0.14 0.18 0.18 0.14 0.20 0.18 0.15 0.22

Table 1: Average computation times (in seconds), number of instances solved to optimality (out of five)
and the average best objective values obtained by solving problem (11) using the proposed BnB algorithm
and CPLEX with k D 2 and risk measure (13).
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p D 1 p D 2 p D 3

jV j jV j jV j

D.G/ Algorithm Output 50 100 200 50 100 200 50 100 200

0:0125

Time (s) 0.88 6.12 NA 14.16 148.36 NA 86.09 258.75 NA
CPLEX Instance 5 5 0 5 5 0 5 5 0

Objective 0.22 0.19 NA 0.27 0.22 NA 0.27 0.21 NA
Time (s) 0.23 1.04 6.80 8.84 29.01 162.51 36.64 113.63 708.45

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.22 0.19 0.16 0.27 0.22 0.18 0.27 0.21 0.18

0:025

Time (s) 1.26 12.68 NA 27.07 516.78 NA 69.69 577.47 NA
CPLEX Instance 5 5 0 5 5 0 5 5 0

Objective 0.21 0.18 NA 0.24 0.19 NA 0.25 0.19 NA
Time (s) 0.24 1.59 81.50 11.28 65.54 2075.28 52.72 286.93 —

BnB Instance 5 5 5 5 5 4 5 5 0
Objective 0.21 0.18 0.15 0.24 0.19 0.15 0.25 0.19 0.15

0:05

Time (s) 2.79 287.23 NA 163.45 — NA 385.90 — NA
CPLEX Instance 5 5 0 5 0 0 5 0 0

Objective 0.17 0.14 NA 0.19 0.17 NA 0.19 0.16 NA
Time (s) 0.43 44.13 — 29.41 1060.88 — 131.34 1531.64 —

BnB Instance 5 5 0 5 4 0 5 1 0
Objective 0.17 0.14 0.14 0.19 0.15 0.18 0.19 0.15 0.17

0:1

Time (s) 14.27 25.41 NA 2656.62 3425.15 NA 2797.45 3311.62 NA
CPLEX Instance 5 2 0 5 1 0 2 1 0

Objective 0.15 0.11 NA 0.15 0.11 NA 0.15 0.11 NA
Time (s) 3.00 719.53 3.70 367.80 — 4.05 941.06 — 4.96

BnB Instance 5 3 5 5 0 5 5 0 5
Objective 0.15 0.11 0.10 0.15 0.11 0.10 0.15 0.11 0.10

0:15

Time (s) 50.30 480.23 NA 2329.51 — NA 1003.57 — NA
CPLEX Instance 5 5 0 2 0 0 3 0 0

Objective 0.13 0.11 NA 0.13 0.12 NA 0.13 0.12 NA
Time (s) 2.50 0.29 4.63 762.31 0.50 4.94 998.11 1.51 5.89

BnB Instance 5 5 5 5 5 5 4 5 5
Objective 0.13 0.11 0.10 0.13 0.11 0.10 0.13 0.11 0.10

Table 2: Average computation times (in seconds), number of instances solved to optimality (out of five)
and the average best objective values obtained by solving problem (11) using the proposed BnB algorithm
and CPLEX with k D 3 and risk measure (13).

5 Conclusions

We have considered an RA-k problem which entails finding a k-club of minimum risk in a graph. HMCR
risk measures were utilized for quantifying the distributional information of the stochastic factors asso-
ciated with vertex weights. It was shown that the decision version of RA-k problem is NP-hard for any
fixed positive integer k, and the optimal solutions are maximal k-clubs. A combinatorial BnB solution
algorithm was developed and tested on a special case of RA-k problem when k D 2; 3; 4. Numeri-
cal experiments on randomly generated graphs of various configurations suggest that the proposed BnB
algorithm can significantly reduce solution times in comparison with the mathematical programming
model solved using CPLEX MIP solver.
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p D 1 p D 2 p D 3

jV j jV j jV j

D.G/ Algorithm Output 50 100 200 50 100 200 50 100 200

0:0125

Time (s) 0.90 7.30 NA 27.09 206.30 NA 118.25 299.46 NA
CPLEX Instance 5 5 0 5 5 0 5 5 0

Objective 0.21 0.17 NA 0.25 0.18 NA 0.26 0.19 NA
Time (s) 0.23 1.13 15.13 8.25 31.98 409.93 47.41 160.66 2001.38

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.21 0.17 0.14 0.25 0.18 0.15 0.26 0.19 0.15

0:025

Time (s) 1.60 21.97 NA 50.10 1475.67 NA 79.91 1714.83 NA
CPLEX Instance 5 5 0 5 5 0 5 5 0

Objective 0.19 0.15 NA 0.22 0.16 NA 0.23 0.16 NA
Time (s) 0.23 2.46 — 11.58 91.57 — 63.31 514.33 —

BnB Instance 5 5 0 5 5 0 5 5 0
Objective 0.19 0.15 0.12 0.22 0.16 0.13 0.23 0.16 0.13

0:05

Time (s) 4.34 — NA 461.18 — NA 929.33 — NA
CPLEX Instance 5 0 0 5 0 0 5 0 0

Objective 0.16 0.12 NA 0.16 0.12 NA 0.16 0.12 NA
Time (s) 0.66 728.07 2.71 35.37 — 3.06 177.83 — 4.23

BnB Instance 5 5 5 5 0 5 5 0 5
Objective 0.16 0.12 0.10 0.16 0.12 0.10 0.16 0.12 0.10

0:1

Time (s) 33.72 1776.46 NA 898.37 449.72 NA 493.52 500.88 NA
CPLEX Instance 5 4 0 3 3 0 4 3 0

Objective 0.13 0.13 NA 0.13 0.11 NA 0.13 0.11 NA
Time (s) 4.63 0.25 3.71 187.73 0.47 4.07 236.05 1.72 5.33

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.13 0.11 0.10 0.13 0.11 0.10 0.13 0.11 0.10

0:15

Time (s) 25.40 2503.89 NA 282.75 — NA 271.86 — NA
CPLEX Instance 5 5 0 5 0 0 5 0 0

Objective 0.13 0.11 NA 0.13 0.12 NA 0.13 0.12 NA
Time (s) 0.04 0.30 4.63 0.22 0.53 4.97 1.54 1.95 6.42

BnB Instance 5 5 5 5 5 5 5 5 5
Objective 0.13 0.11 0.10 0.13 0.11 0.10 0.13 0.11 0.10

Table 3: Average computation times (in seconds), number of instances solved to optimality (out of five)
and the average best objective values obtained by solving problem (11) using the proposed BnB algorithm
and CPLEX with k D 4 and risk measure (13).
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