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Abstract

The Multidimensional Assignment Problem (MAP) is a higher-dimensional version of the Linear
Assignment Problem that arises in the areas of data association, target tracking, resource allocation,
etc. This paper elucidates the question of asymptotical behavior of the expected optimal value of the
large-scale MAP whose assignment costs are independent identically distributed random variables
with a prescribed probability distribution. We demonstrate that for a broad class of continuous dis-
tributions the limiting value of the expected optimal cost of the MAP is determined by the location
of the left endpoint of the support set of the distribution, and construct asymptotical bounds for the
expected optimal cost.

Keywords: multidimensional assignment problem, random assignment problem, expected optimal
value, asymptotical analysis, convergence bounds

1 Introduction

The Multidimensional Assignment Problem (MAP) is a higher dimensional version of the two-
dimensional, or Linear Assignment Problem (LAP) [32]. If a classical textbook formulation of the Linear
Assignment Problem is to find an optimal assignment of “N jobs to M workers,” then, for example, the
3-dimensional Assignment Problem can be interpreted as finding an optimal assignment of “N jobs to
M workers in K time slots,” etc. In general, the objective of the MAP is to find tuples of elements
from given sets, such that the total cost of the tuples is minimized. The MAP was first introduced by
Pierskalla [34], and since then has found numerous applications in the areas of data association [5, 25],
image recognition [39], multisensor multitarget tracking [35, 36, 24], tracking of elementary particles
[38], etc. For a discussion of the MAP and its applications see, for example, [7, 9, 8] and references
therein.
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A d-dimensional “axial” MAP with equal number n of elements in each dimension has the form

n n
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An instance of the MAP with different numbers of elements in each dimension, n; > n, > ... > ngy, is
reducible to form (1) by introduction of dummy variables.

Problem (1) admits the following geometric interpretation: given a d-dimensional cubic matrix, find
such a permutation of its rows and columns that the sum of the diagonal elements is minimized (which
explains the term “axial”). This rendition leads to an alternative formulation of the MAP (1) in terms of
permutations 7y, ..., 74— of numbers 1 to n, i.e., one-to-one mappings z;: {1,...,n}— {1,...,n},

n

i=1

where I1" is the set of all permutations of the set {1, ..., n}. A feasible solution to the MAP (1) can be
conveniently described by specifying its cost,

z=co _,m+co o+ FCm L m, (2

1 d 1 d 1 d
where (i;]), ij(z), e, i;")) is a permutation of the set {1,2,...,n} forevery j = 1,...,d. In contrast
to the LAP that represents a d = 2 special case of the MAP (1) and is polynomially solvable [7, 32], the
MAP with d > 3 is generally NP-hard, a fact that follows from a reduction of the 3-dimensional matching
problem (3DM) [14]. Although a number of exact and heuristic algorithms for the MAP [1, 6, 10, 33]

have been developed in the literature, only small-to-moderate-sized instances of the MAP can be solved
routinely as of today due to immense complexity of the problem.

If one denotes the optimal value of an instance of the MAP (1) with d dimensions and n elements per
dimension as z; ,, then it is of interest to determine the (asymptotical) behavior of zj; , when either d or n
islarge: n > 1 ord > 1. Evidently, such an analysis would require certain assumptions on the behavior
of the assignment costs of the MAP. This is facilitated by assuming that the cost coefficients c;,...;,
in (1) are independent identically distributed (iid) random variables from some prescribed continuous
distribution. This reduces the question at hand to asymptotical analysis of the expected optimal value
E[Zj}’n] of random instances of the MAP, which is denoted throughout the paper as Z; .

During the last two decades, expected optimal values of random assignment problems have been studied
intensively in the context of random LAP. Perhaps, the most widely known result in this area is the



conjecture by Mézard and Parisi [22] that the expected optimal value E[L,] := Z3, of an LAP of size

n with iid uniform or exponential with mean 1 cost coefficients satisfies lim, _, oo E[L,] = ¢(2) = ’%2,
where ¢ (-) is Riemann’s zeta function. In fact, this conjecture was preceded by an upper bound on the
expected optimal value of the LAP with uniform (0,1) costs: limsup, _, ., L, < 3 due to Walkup [40],
which was soon improved by Karp [18]: limsup,, _, ., L, < 2. A lower bound on the limiting value of L,
was first provided by Lazarus [19, 20]: liminf, , L, > 1 + e~ ! & 1.37, and then has been improved
to 1.44 by Goemans and Kodilian [15] and 1.51 by Olin [27]. Experimental evidence in support of the
Mézard-Parisi conjecture was provided by Pardalos and Ramakrishnan [30]. Recently, Aldous [3] has
shown that indeed lim,, _, ., E[L,] = %2, thereby proving the conjecture (in an earlier paper [2] the author
has established the existence of the limit of L,). Another conjecture due to Parisi [31] stating that the
expected optimal value of a random LAP of finite size n with exponentially distributed iid costs is equal
to E[L,] = Zzn = Z;’Zl i~2 has been proven independently in [21] and [26].

This paper contributes to the existing literature on random assignment problems by establishing the lim-
iting value and asymptotic behavior of the expected optimal cost Zj , of random Multidimensional As-
signment Problem with iid cost coefficients for a broad class of continuous distributions. We demonstrate
that, unlike the 2-dimensional LAP, the MAP with d > 3 has an expected optimal value that depends on
the location of the left endpoint of the support set of the costs’ distribution. In particular, the expected
optimal value of an MAP with exponentially distributed cost coefficients approaches zero when either d
or n approaches infinity. The presented analysis is constructive in the sense that it allows for deriving
asymptotical lower and upper bounds for Z; , that are converging when the support of distribution is
bounded from below, as well as to estimate the rate of convergence for Z; , when the left endpoint of the
support is located at the origin.

The rest of the paper is organized as follows. The next section introduces the concept of the index tree
representation of the MAP that our approach is based upon. Using the structure of the index tree graph,
we construct simple expressions for the upper and lower bounds of the expected optimal cost Z; , of
the MAP. In Section 3 we establish the main result of the present endeavor by determining the limiting
values of large-scale random MAPs for a wide spectrum of continuous distributions. Section 4 discusses
asymptotical bounds on the expected optimal cost of random MAPs and presents the corresponding
numerical results.

2 Index tree representation of the MAP and related lemmata

Our approach to determining the asymptotic behavior of the expected optimal cost Zj , of an MAP
(1) with random cost coefficients involves analysis of the so-called index tree, a graph structure that
represents the set of feasible solutions of the MAP. First introduced by Pierskalla [34], the index tree
graph G = (V, E) of the MAP (1) has a set of vertices V which is partitioned into n levels' and a
distinct root node. A node at level j of the graph represents an assignment (iy, ..., iy) with iy = j and
cost ¢jj, ..i,» whereby each level contains x = n?~! nodes. The set E of arcs in the index tree graph
is constructed in such a way that any feasible solution of the MAP (1) can be represented as a path
connecting the root node to a leaf node at level n (such a path is called a feasible path); evidently, the
index tree contains n!“~! feasible paths, by the number of feasible solutions of the MAP (1).

In general, MAP may have n| elements in dimension 1, n elements in dimension 2, and so on, so that in assignment
(i1,ip,...,ip)onehas 1 < i <ng, k=1,...,d. In this case, the index tree would contain | levels.



The index tree representation of MAP aids in construction of lower and upper bounds for the expected
optimal cost of MAP (1) with random iid costs via the following lemmata [16].

Lemma 1 Given the index tree graph G = (V, E) of d > 3, n > 3 MAP whose assignment costs are iid
random variables from an absolutely continuous distribution, construct set A C V by randomly selecting
a different nodes from each level of the index tree. Then, A is expected to contain a feasible solution of

the MAP if
nd—l
n!

Lemma 2 Forad > 3, n > 3 MAP whose cost coefficients are iid random variables from an absolutely
continuous distribution F with existing first moment, define

Zgn=nEp [X(llx)] and 72,,, :=nEp [X(a|x)] ) “)

where X i) is the i-th order statistic of k = n“=" iid random variables with distribution F, and para-
meter o is determined as in (3). Then, Z}; , and Z ; ,, constitute lower and upper bounds for the expected
optimal cost Z}; , of the MAP, respectively: 27, , < Z; , < 7; -

Above, by an absolutely continuous distribution we mean any continuous distribution whose c.d.f. F(-)
is representable as F(x) = ffoo f(y)dy, where f(-) is the (continuous) density of the distribution.

Proofs of the lemmas are based on the probabilistic method [4] and can be found in [16]. In particular,
the proof of Lemma 2 considers a set A, that is constructed by selecting from each level of the index
tree a nodes with the smallest costs among the x nodes at that level. The continuity of distribution F
ensures that assignment costs in the MAP (1) are all different almost surely, hence locations of the nodes
that comprise the set A, are random with respect to the array of nodes in each level of G(V, E). In the
remainder of the paper, we always refer to a and x as defined above.

As the problem size of an instance of MAP (1) is governed by two parameters, the number d of “di-
mensions,” and number n of elements in each dimension, asymptotic analysis of the expected optimal
value Z3  of large-scale instances of the MAP (1) involves two cases: n — oo while d is fixed, and

. d .
d — oo for a fixed n. Throughout the paper, we use notation x 5 ocoand k - o0, respectively,
to address these two situations. If a certain statement holds for both cases of n — oo and d — o0, we

o . . . . L . L

indicate this by x 2% 0. The rationale behind the proposed notation is that an increase in either n or d

entails polynomial or exponential growth in the number x of nodes in each level of the index tree graph:
d—1

K =n‘"" — oo.

. . . d . .
The behavior of quantity o« (3) in the cases x —> 00 and k —> 00 is more contrasting. When the
number of dimensions d stays constant, and the number n of elements in each dimension increases
indefinitely, a approaches a finite limiting value,

o —a*:=Tle""", k- oo, 5)

while in the case of fixed n and unbounded d it increases exponentially:

Inn!

(6)

y d
o~k", x— oo, where y,=1-— .
nlnn

The range of values that parameter y, takes for different » is specified by the following
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Lemma 3 Forall n > 3, the coefficient y, in (6) satisfies 0 < y, <

Proof: We start with establishing a simple inequality
n+l1>(14+1)", n>2, @)

that is easily validated by the induction argument. Indeed, observe that (7) holds for n = 2. Then, assume
that (7) holds for some n, which, due to the fact that % > +1 , further implies

n+1>(1+45)". ®)

Multiplying both sides of inequality (8) by (1 + #) we obtain

)n+1

n+2=m+D)(1+5) =1+

2

which verifies (7) for n 4+ 1. Now, to obtain the statement of the Lemma, it is convenient to represent y,,
as

1 < Inr
a=losd ©
n ‘= Inn
Evidently, since 0 < 1“; <lforr=2,.. -1, the second term in (9) satisfies 0 < 1 zr | }[rll—; <1.

Hence, 0 < y, < 1 forn > 3. The upper bound Tn < 3 ! for n > 3 is established by showmg that
“ n
> nr> S n>3. (10)

Direct evaluation confirms that (10) holds for n = 3. Then, following the induction argument, we
demonstrate that (9) holds for some fixed n + 1, provided that it holds for n. For n + 1 the right-hand
side of (10) equals to

n+1

In(n+1) = = lnn+ ln(n+1)+ ln(l+%),

hence, to prove that (10) holds for n + 1 it suffices to show that

1
1n(n+1)>—1n(n—|—1)—|— ln(l—i— )
The last inequality is equivalent to (7), which proves the Lemma. |

The reader has already noticed that the presented lemmata addresses only MAPs withd > 3, n > 3.
Before proceeding further, we comment shortly on two special cases of the MAP (1) when d = 2 or
n = 2. The case d = 2 represents, as noted earlier, the Linear Assignment Problem, whose asymptotic
behavior is distinctly different from that of MAPs with d > 3 (see Sections 3 and 4). It can be shown that
in the case of d = 2 Lemmas 1 and 2 produce only trivial bounds that are rather inefficient in determining
the asymptotic behavior of the expected optimal value of the LAP within the presented approach.

When n = 2, the costs of feasible solutions to the MAP (1) have the form

z=cwm .n+co .o, Where l(l), ;@ e {1,2}, l(l) #+ 1(2)
iy 0oy J J



and consequently are iid random variables with distribution F,, which is the convolution of F with itself:
F, = F = F [17]. Then, obviously, the expected optimal value of a random MAP with n = 2 can be
expressed as expectation of the minimum order statistic of 2!“~! iid variables with distribution F;:

Z; 5 =Err[Xapu-), (11)

which simplifies the analysis of the expected optimal cost as compared to the general case of n > 3 that
necessitates the use of the lower and upper bounds (4).

3 Main result

In this section we derive the limiting values of the expected optimal cost Zj , of a random MAP (1) with
1id cost coefficients drawn from a broad class of continuous distributions, when one of the dimension
parameters n or d of the problem increases indefinitely. First we lay out preliminary considerations that
make a foundation for more intricate analysis presented below.

According to Lemma 2, the upper bound on the expected optimal cost Z; , of a random MAP with iid
cost coefficients from an absolutely continuous distribution F is given by 7;,,1 =nEp [X (am], where
X (apx) 18 the a-th order statistic among x independent F-distributed random variables. It is well-known
(see, e.g., [11]) that order statistics have distributions of beta type; for instance, the distribution of X (4,
is given by

P K! £ a—1 1 K—ad
[X(a|1€) SX]— (a—l)!(x—a)!/o 4 ( _t) L.

Then, assuming that the interior of the support set of distribution F' has the form (a, b), where
a=inf{x | F(x) >0}, b=sup{x| F(x) <1},
the upper bound 7:,,” can be represented as

— r 1
Zyn= nlic+1) Lo, (12)
’ I'e)T'(k —a+1)

with I, . being the integral of the form

b 1
Iy =/ x [F(x)]*7'[1 = F(x)]*™* dF (x) =/ Fla) u® ' — u)* du. (13)
a 0

In the last equality, F~'(-) denotes the inverse of the c.d.f. F(x) of distribution of assignment costs in
the MAP (1). While it is practically impossible to evaluate integral (13) exactly in the general case, the
asymptotic behavior of (13) for large n and d can be determined for a wide range of distributions F. In
particular, it will be seen that the asymptotic value of I, ,, and, consequently, that of Z;  forn,d > 1
depends on the location of the left endpoint a of the support of F.

The exposition of the results in the sequel assumes familiarity with the foundations of asymptotical
analysis and theory of special functions. For example, the asymptotic properties of integrals of type (13)
for large values of n and d can be quantified in terms of the Beta and Gamma functions,

b . 'x)T(y) R
_ x—1 1, _ _ 1,21
B(x, y) _/() T =) dr = FGty)’ I'(z) _/0 e 't dt. 14)



Although we make extensive use of these and other related special functions, we do not discuss herein
their numerous properties that are used to derive the majority of the results of this paper. Instead, we
refer the reader to an excellent treatise on special functions edited by Erdélyi [13]; also, a comprehensive
collection of facts and formulae on special functions is available at [41]. Text by Olver [28] is another
excellent reference to both asymptotical analysis and the theory of special functions.

3.1 Distributions with a finite left endpoint of the support

The asymptotic analysis of the expected optimal value of the random MAPs with continuous distributions
is facilitated by means of the following lemma, which provides asymptotic series representations on a
scale of Beta functions for integrals of type (13).

Lemma 4 Let function h(u) have the following asymptotic expansion at O+,

o

h(u) ~ D auCT=m oy — 04, (15)

s=0

where A, u > 0. Then for any positive integer m one has

1 m—1
/ h(u) l/ta_l(l —u)%du = Zas ¢s () + O(¢m(’€)>a K Ld) 00, (16)
0

s=0
where ¢s(k) = B(% +a—-1, kK —a+ 1), s = 0,1,..., provided that the integral is absolutely

convergent fork = a = 1.

Proof: First we demonstrate that the sequence of functions {¢,(x)}52 represents a scale [28] in both
cases of large n and d, i.e., ¢y (k) = o(gzﬁ‘Y (K)), x 24 oo, The ratio of ¢ds11(x) and ¢ (x) has the form
s+14+4 s+A
poie)  TCHF+a—1) T+
- s+ s+HI+A) "
b5 () (= +a—1) e+ +5F)

Using a well-known expansion for the quotient of the Gamma functions [13]

Fz+a) ., -1
Tt =- (1+0(™), 2> abeR, (17)

we obtain that for a fixed d and n — o0,

goi)  T(HH+a—1)
(,Z%(K) F(Y—IZ_X +oa* — 1)

k500, k-5 00, u>0.

Similarly, for d — oo and n fixed, by virtue of Lemma 3 one has

Gyrr1()  KIn/E =1
~

¢sGe)  wlm




Now we show that expansion (16) holds. For any non-negative integer m, let

m—1

h(u) = Za.qu(sH_")/” +on(u), O0<u<l. (18)
s=0

Substituting the above equality in the left-hand side of (16), one obtains
1
/ h(u) u ' (1 — u)<~* du
0
m—1 1
= ZaSB(% +a—1, k—oa+1) +/ @) w11 — 1)~ du. (19)
5s=0 0

To estimate the remainder term in (19), observe that ¢,, (1) = O(u('”“*”)/ ") for u — O+, in accordance
with the definition of asymptotic expansion (15). Consequently, there exist u,, € (0, 1) such that C,, =

sup |y (u) u="+4=m/1] is finite, whence
ue(0,un]

/ om (1) w11 —u)**du
0

<CuB(E ta—1,k—a+l). (20)

Since integral (16) is absolutely convergent for « = a = 1, the integral fulm o (u) du is absolutely

convergent too, which implies absolute convergence of fuln @m () u=M du for any M > 0:

1 1 1
|qom(u)|du 5/ |gom(u)u_M|du§u,;M/ |¢)m(u)|du.

Um

For M = " 4 ] denote &, = sup |&,(r)
7€ [upm, 1]

remainder term in (19) by parts, we have

, where &,(7) = j;fm @m(u)u=™ du. Integrating the

1 1
/ O @) u* 11— u)*du = —(a + M — l)/ En@) u®™M=2(1 — u)*~*du

1
+ (x — a)/ En@) u™M11 — ) du, (21)

which implies that the first integral in (21) is bounded as

<2EmF(a+M)l"(;c—a+1). 22)
I'(x+ M)

1
[ omtwu =y an

Considering the behavior of the right-hand side of (22) with respect to ¢,, (k) for large «,

T +MT(x—a+1) [ (e + ™)
L(x + M) T(a+22 —1)Tc—a+1)

o . . d
we see that their ratio is of order of x~! when x —> oo, and is O(x*"~!) if k — oo. Hence, by
Lemma 3 we have that

n,d

1
/ O (@) w1 (1 — u)** du =o<3(%+a—1,x—a+1)), K —> 0. (23)

m




Combining (19), (20), and (23) we arrive at the sought equality (16). [

With the help of Lemma 4 it is now straightforward to derive the limiting value of the expected optimal
cost of MAP with random iid cost coefficients that have a continuous p.d.f. with a finite left endpoint of
the support.

Theorem 1 Consider ad > 3, n > 3 MAP (1) with cost coefficients that are iid random variables from
an absolutely continuous distribution with existing first moment. Let (a, b), where a € R, b € (a, +00],
be the interior of the support set of this distribution. Further, assume that the inverse F~1(x) of the c.d.f.
F (x) of the distribution is such that

F'@x)=a+0(x"), x>0+, B>0. 24)
Then, for a fixed n and d — o0, or a fixed d and n — o0, the expected optimal value Z} , satisfies

400, a >0,
lim Zdn = na, lim Zd = 0, a=0, 25)
d— oo n— oo

—00, a <0.

Proof: According to the aforesaid, an upper bound on the expected optimal value of a random MAP
whose assignment costs are iid random variables with distribution F is obtained via (12)—(13). Existence
of the first moment of F ensures the existence of its order statistics, as well as absolute integrability
of F~!(-) on the interval (0, 1). Given the asymptotic behavior (24) of function F~!(u) at u = 0+,
application of Lemma 4 to integral I, , (13) produces

IF'e)I'(xk —a+1) Fro+p)T(x—a+1) n,d
Tk + 1) “9( T +A+1) > T

I(X,K=a

which, upon substitution into (12), leads to

e r T 1 n
Zd,nzna+(’)<n @+ AT+ )> K -4

T T+ A+ 1) % (26)

By asymptotlc expansion (17) the second term in (26) vanishes as x LEN 00, yielding that the upper
bound Z,, 4. satisfies the relations (25). On the other hand, since a is the left endpoint of the support set
of distribution F, the cost z of a feasible solution (2) of the MAP is bounded from below by inf z = na.
It is easy to see that inf z does also satisfy equalities (25), which, by virtue of inequality

infz < Z3, < Z,,,
proves the statement (25) of the Theorem. [ |

The conditions of Theorem 1 are quite general: it is only required that function F~!() is absolutely
integrable on (0, 1) and there exists § > 0 such that

xlir&‘x_ﬁ(F_l(x) — a)‘ < 00.

The case when distribution F is such that the rate of convergence of F~!(x) — a as x — O+ is slower
than that of x#, for some # > 0, can be considered similarly, based on the particular form of F~!(-).



The proved theorem evidences that the asymptotic behavior of the expected optimal value of a random
MAP whose distribution has a bounded from below support is quite dissimilar in cases of d > 1 and
n > 1. Indeed, for a fixed d and n — oo, the expected optimal value Z; , of a random MAP with
corresponding distribution F is finite only when the left endpoint of the support of F is located at the
origin: a = 0. On the contrary, limy_; Z;“,,n for a fixed n is finite as long as a is finite.

Trivially, finiteness of the left endpoint a of the support of the distribution implies finiteness of the
function F~'(-) at the origin: F~!(0) = a € R. If the support of distribution F has infinite left endpoint,

a = —oo, the inverse F~!(x) of the distribution’s c.d.f. necessarily has a singularity at x = O+:
lim F~'(x) = —c0.
g =

The next subsection contains an analysis of the expected optimal value of MAP with iid cost coefficients
drawn from a continuous distribution whose support has infinite left endpoint.

3.2 Distributions with infinite left endpoint of the support

The case of a continuous distribution with infinite left endpoint of the support set is more cumbersome as
different singularities of F~!(x) at x = 0+ require differing approaches to their treatment. To this end,
we consider two most common singularities of F~!(0+) encountered in applications: a power singularity
and a logarithmic singularity.

We say that F~!(x) has a power singularity at x = O+ if F~'(x) ~ —vx™#, x — 04, where v and f8
are positive constants. It is easy to see that for function F~!(x) to be integrable over the interval (0, 1),
the range of values for parameter £ must be limited to 0 < f < 1. The next theorem addresses this case.

Theorem 2 Consider ad > 3, n > 3 MAP (1) with cost coefficients that are iid random variables from
an absolutely continuous distribution whose expectation exits. Let (—oo, b), where b € (—o0, +00],
be the support set of this distribution. Further, assume that the inverse F~'(x) of the c.d.f. F(x) of the
distribution has an asymptotic expansion at x — 0+

F’l(x)'v—vx’ﬂ, x—>0H, 0<pf<l, v>0. 27

Then, for a fixed n and d — 00, or a fixed d and n — 00, the expected optimal value Z} , of the MAP
is unbounded from below:

dll)moo AT nlgréo Z;, = —00. (28)
Proof: Essentially the same as that of Theorem 1. |

Now we examine the case of the inverse F~!(x) of distribution F(-) having a (weaker) logarithmic
singularity at zero, F~'(x) ~ —v (ln %)ﬁ , X = 04, where v and f are again positive numbers. Similarly,
in this case the expected optimal value of MAP is also unbounded from below. A key element of the

subsequent analysis is the asymptotical valuation of the integral

1
/ w7 (1 — u)* " Inl du, (29)
0

10



where 0 > 0, for large values of n and d. By differentiating the identity for the Beta function (see (14))

INa+d)I'(k —a+1)
Fk+o+1)

1
/ w1 —u) % du =
0

with respect to a, one has

! : 1 0
ato=lep Y pldy=——-"- " [T NI (x — 1
/Ou (1—u) n du F(K+§+1)6a[ (a+)T(k —a+ )]

1
— / w1 — u)*"*In(l — u) du. (30)
0

Given thatIn(1—u) = —u+O(u?), u — 0+, the asymptotic value of the last integral in (30) is obtained
by application of Lemma 4 as

I'k+0+2)

Next, the first term in the right-hand side of (30) can be rewritten using the logarithmic derivative of the
Gamma function y(z) = I''(z)/ I'(z) in the form

Il'a+d)T'(k—a+1)
F'k+0o+1)

Employing the asymptotic expansion of  (z) for large values of argument [13],

1
/ W = ) In(l — w)du = O <r(“ o+ DIk —a+ 1)>
0

[k —a+1)—y(a+9))]

1
l//(z)=1nz—2—z+0(z_2), 7 — 00, 31)

we arrive at the sought asymptotical expressions for integral (29). In the case n — oo, we have

1 *
/ w1 —u)* " Inl du = T@ +9 Inx <1 +0 <L>> K —> 00. (32)
0

Ko o Inx

In the case of d — o0, integral (29) equals

! L +0)T(k —xk’™ 4+ 1) d
w1 — ) Inl du = {1— Ink + Ok }, K —> 00.
/0 (I —w)™ Tk +0+1) (1=7) (x7)
(33)
By use of the expansion
(" +0) " I3mR e ( d
— A (1403 )), k= oo, 34
Tk +o+1) praeaTE— +0(k™)), Kk —> 00 (34)

expression (33) can be transformed to

1
/ W1 = ) Ind du = RE kOO (1 =yt (140 (677)), k5 00, (39)
0

where R;n stands for

R =T — " 4 1) " ot 4032, (36)

Now we are ready to prove the main result of this subsection.
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Theorem 3 Consider ad > 3, n > 3 MAP (1) with cost coefficients that are iid random variables from
an absolutely continuous distribution F whose expectation exists. Let (—oo, b), where b € (—o0, +00],
be the interior of the support set of F, and assume that the inverse F~'(x) of the c.df. F(x) of the
distribution has a logarithmic singularity at x — 0+,

F'o)~—v () x>0+, where p>0, v>0. 37)

Then, for a fixed n and d — 0, or a fixed d and n — 00, the expected optimal value Z} , of the MAP
is unbounded from below:

dli)moo Z;’n = nlgr(l)o Z:;’n = —00. (38)

Proof: As before, the proof is based on examining the asymptotical behavior of the upper bound 72’n,
which in the case of a logarithmic singularity (37) of F~!(x) at x = 04 comes down to asymptotic
evaluation of the integral

1
/ w1 = uy = (In 1) du (39)
0

for large values of n and d. The asymptotical properties of this integral as n or d approach infinity are

determined by the behavior of the integrand in the vicinity of 0; in particular, for any § > 0 one has

Fre)T(x —a+1)
I'(x+1)

: 1/e
/ (1= ) (In L) du = / w1 = ) (1n ) du + O( ) o
0 0

for k 2% oco. Indeed, observe that 1 < u < 1 implies that 0 < (In %)ﬂ < 1 for p > 0, therefore the
following integral is bounded as

1 1 1
/ W —uy T (n 2y du < / w1 —u) " du < / w1 —u)~"du =B(a, x —a +1),
1 1/e 0

e

which entails the following asymptotic expression that verifies equality (40):

0. 41)

1
a—1 _ K—a 1 B _ F(OC) F(K —a+ 1)> n,d
/1 u = (1 —u) (lnu) du—(9< Tt D) , K —

e

The choice of constant 1/e that splits the integration interval in (40) is merely due to our convenience; a
similar decomposition can be obtained for any small enough positive number between 0 and 1. Following
[12], to estimate the asymptotical behavior of integral

1/e
/ w1 —uy e (In ) du=J(a, c—a+1, B, (42)
0

that enters the right-hand side of decomposition (40), we employ the functional equation

;/OOZQ_I J(OC—I—z, x, ﬁ)dZ:J((Z, %7ﬂ_9)9 O!,ﬂ,%,Q>0, (43)
I'(e) Jo

12



which is easily derivable by plugging (42) into the left-hand side of (43) and interchanging the order
of integration. First we consider the case of 0 < f < 1. For g € (0,1) let § = 1 — p, then integral
J(a,kx —a + 1, B) (42) can be written as a sum of two other integrals, J; and J;,

1 ¢ *
J(a,ic—a—l—l,l—g):—(/ +/ )ZQ_IJ(a—i-Z,K—a—l-l, DHdz=Ji1+/, (44)
I'(e) \Jo ¢

where ¢ > 0 is a positive number. With interchange of the order of integration, J, reduces to
1 1/e ) 0o ]
) = _/ w1 —u)*~*Ini du/ 2274 dz. (45)
I'(e) Jo ¢

Since0 < u < %, the inner integral in (45) is a bounded function of u,

&) ) 00 o0
/ ZQ_luz_é dz = / ZQ—le—(Z—C)lnu dz < / ZQ—le_(Z_() dZ,
¢ ¢ ¢

hence, J, can be estimated as

1/e
hHh=0 </ T ) 1n5du> . (46)
0
Next, consider integral J; in (44):
Ji = L /( 22! dz/l/e w1 — ) % Inl du a7
I'(e) Jo 0 !

By means of decomposition (40), the inner integral in (47) can be represented as

1/e
/ w11 —u)* % In % du
0

(48)

: r T(c—a+1
:/u““_l(l—u)"_“ln%du—i—(’)( @+ Tk —ay )), LN
0

F'k+z+1)
Further treatment of integrals J; and J, depends on the rate with which x approaches infinity, i.e., which

of the parameters n and d is fixed and which is infinitely increasing. We structure the remainder of the
proof of the theorem in the following steps.

Step 1: k —> oo. If n goes to infinity and d is fixed, we have by (5) that a« — a* € R. In accordance to
the derived asymptotic expansion (32), the integral in the right-hand side of (48) equals

! I'(a* 1 n
/ (1= ) Ind du = T@ +2) (1 o) <—>> LIS
0

Kotz Inx

Similarly, the last term in (48) admits the representation

IF'o+2))T(k—a+1) :(’)(k‘“*_z>, e oo,
I'k+z+1)

On inserting the last two equalities in (48) we obtain

1

J=——0
T Tk

¢ ¢
[(lnx + O(l))/ 27T (a* + )k dz —i—/ zg_l(’)(lc_z) dz] . (49)
0 0

13



Now, consider the first integral in the right-hand side of (49). Since I'(a*+2) = I'(a*)+O(z), z > 0+,
this integral can be restated as

¢ ¢ ¢
/ 27T (@ +2)k*dz = lﬁ(Ot*)/ 22 'kt dz 4+ O (/ ol dz) . (50)
0 0 0

The first integral in the right-hand side of (50) can be expressed in terms of the incomplete Gamma
function I'(a, ¢) = f( et dr [13]:

¢ r r 1
J/ o s = (@ _ Il lnk) 1)
0 (Inx)e (Inx)e
Using the following asymptotic relation for the incomplete Gamma function [13]
r ¢
L. ¢x) Cx)=o<_e ) x5 00, a0, (52)
x4 X

the integrals in (50) can be evaluated as

/C k70 dz = ' + 0 ! (@] /( k%dz ) = O ((nx)™"), « -
0 (Inx)e k¢lnk )’ 0 ’ ’

which yields the asymptotic value of (50) in the form

/ng_lf(a*—l—z)x_zdz:m( +O( ! )), K — 0.
0

(Ink)e Inx

On substitution of the last expression for integral (50) into representation (49) for J; we have

L—F%ﬂ()ﬁo+0<lv>,xigm,
K Inx

and, invoking expansions (46) and (32) with ¢ large enough, we obtain
1 Cla* 1 )
/w%hwﬂmfw mh)ﬂwo Kk —>00.  (53)
0 ! K (Ink)#

To derive the counterpart of equality (53) for the case x BN 00, one has to take a slightly different route.

d . . . .
Step 2: kK —> o0. In the case of d increasing and n fixed, we have that both a and x are increasing, such

that a ~ k7", k = oo, where 0 < y, < %, according to (6) and Lemma 3. By virtue of representation
(35), the integral in the right-hand side of (48) has the form

1
/ukyn+z—l(1 _ u)x—;c"/" lnﬁdu — R:n K—(I—Vn)(z-l-l)(l — y2) Ink (1 + O(K—Vn)), K i) 0.
0

Similarly, (34) yields

<F(KV" +2)T(k —x" + 1)>
(@]
F'k+z+1)

— R:’fn K_(l—yn) O(K_(I_Vn)z>’ K $ 0.

14



Combining the above two equalities, we have

1/e ,
/ w1 = u) " In L du
0
— R;ﬂ i~ (=) {(1 — ) Ink (1 + O(K—yn)> U=z O<K—(1—yn)z>]’ K i> 0.

By substituting the last expression in (48) we reduce integral J; to the form

RY ¢ ¢
J| = n_ g ==yn) {(1 — ) Ink (1 + O(K_Vn)>/ K—(l—yn)zza—l dz +/ Zg—lo (K—(l—yn)z) dz} )
I'(e) 0 0
(54)

Similarly to the above, we represent the integrals in (54) in terms of the incomplete Gamma function as

/ RS R S & () N F(@a ¢l - yn)lnk)
0 [(1 = y,)Ink]® [(1 —y,)Ink]*

and use asymptotic expansion (52) to obtain

¢
/ K_(I_Yn)ZZQ_l dZ — & + O (;) s K # 0.
0 [(1 - Vn) 1nK]Q kA=) Inx

Substituting this result in (54) and choosing ¢ large enough, we find the asymptotic value of J; for
d>1:

)Tk — k" +1) B ) 1 d
Ji = Tt 1) (1 =7y, (Ink) <1 +O<lnk)>’ K —> 00.

Using (35), J, can be evaluated as

Jzzo(r(}cyn + )T —x"+1) 111K>,
Fk+¢+1)

which finally yields the sought asymptotic representation of integral (39) for d — co and f € (0, 1):

1
/ w1 = uy e (In L) du
0

T Tk —x+1)
B [(x+1)

(1 — 7,7 (Ink)? <1 + O((lnx)_ﬁ>>, x - co.
(55)

Step 3. Now we use the developed expansions (53) and (55) to prove the unboundedness of the expected

optimal value z* of MAP when F~!(-) has a logarithmic singularity (37) with 0 < g < 1. Upon
substitution of the asymptotic relation (37) into integral I, , (13) one has

1
Iyx ~ —v/ u* (1 = u) ¢ (ln %)ﬂ du, « n—’d> 00.
0

15



Using the derived expressions (53) and (55) for the above integral, the upper bound z* of the expected
optimal value z* of the MAP can be asymptotically evaluated as

7;,,1 = —vwnn(lnk)ﬁ +0m), « ”%d 00,

where @, = 1 for k —> 00, and w,, = (1 — ya)P if x % 0. From the last equality it immediately
follows that 72’,1 is unbounded from below for large n and d, which validates the assertion (38) of the
theorem: limy _ o Z;’n = lim,, _, & Z;’n =-—oofor0 < f < 1.

Step 4. To extend the last result to values of f > 1 in (37), we recall that by virtue of decomposition
(40) the main contribution to the asymptotic value of integral (39) is made by the first integral in the
right-hand side of (40). For any § > 1, this integral is majorized as

1/e 1/e
—v/ u" ' (1 —u)**(In 5)ﬁ du < —v/ u* (1 —u)**(In th)ﬂ(’ du, (56)
0 0

where 0 < Sy < 1. From the above results it follows that the right-hand side of (56) approaches —oo

d —% % d
when x =5 co. Thus, we conclude that Z dn —> —00, and, consequently, Z;  — —oo when x 25 00
and f > 11in (37). [

It is easy to see that Theorems 2 and 3 can be applied to deal with situations when F~!(x) has a singu-
larity of the form F~'(x) ~ —vx™/' (In %)ﬁz , x = 04, wherev, f > 0,and0 < f; < 1. Insucha
case, again, one has lim, _, Z;’n =1lim, & Z;’n = —00.

To finalize the presented analysis of the expected optimal value of the MAP, we consider the special case
of a random MAP (1) with n = 2, which has been omitted from the preceding discussion. Recall that
according to Lemma 3, y, < 1/2 for all n > 3, whereas a simple calculation confirms that y, = 1/2.
This precludes a direct application of the arguments of Lemma 4 and Theorems 1-3 to the case of n = 2,
since terms of type (’)(KZV"*I) do not vanish for n = 2 (see, for example, the proof of Lemma 4, etc).

This ramification is easily circumvented by means of representation (11), which allows us to rewrite the
expected optimal cost Zj , of a n = 2 random MAP in a form similar to expression (4) for the lower
bound ZZW namely Z;’z = Ep, [X(”K)]. Here k = 297" and F, = F x F is the distribution of sum of
two independent F'-distributed random variables. The interior of the support of F, has the form (2a, 2b),
where the usual convention

n-(£o0) = 00, n e N\{0} (57)

is adopted. Then, the reasonings of Lemma 4 and Theorem 1 can be readily employed to show that the
expected optimal value of a random n = 2 MAP satisfies lim,_, o, Z;’z =2aifa € Rand F; 1(-) has
an asymptotic expansion of form (24): F, ") = 2a + OW?’) for some > 0 as u — O+. Similarly, it
can be demonstrated that lim,_, Z;’z = —oo when a = —oo and Fz_l(-) conforms to conditions (27)
or (37).

To merge these observations with the statements of Theorems 1-3 (where conditions are imposed on
F~!, not Fz_l), it only remains to verify that F2_1(-) satisfies conditions (24), (27), or (37) as soon as
F~1(-) does. Indeed, in the case of a finite a, the convolution representation of F» produces for x < 1

a+x a+x
F2(2a—|—x):/ F(a+x—(y—a))dF(y)§F(a—i—x)/ dF (y) = F*(a + x),
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and

a+s 5
dF(y) = F*(a +3),

X
2

a+
F2(2a+x>2/ Fla+x—(y—a)dF(y) F(a+g)/

a

which by inversion implies that F~!(y/x) —a < F; '(x) — 2a < 2(F~!(y/x) — a) for a sufficiently
small positive x. Dividing the last inequalities by x#/? and taking into account (24) we obtain that the
ratio (F, ' (x) — 2a) /x#/ is bounded for x — O+, which means that F, ' (x) is equal to 2a + O(x#/?)
in the vicinity of x = 0+, and therefore complies with the conditions of Theorem 1.

In the case of a = —o0, the function F>(x) for —x >> 1 can be bounded from above as
X b X b
reo= ([ +[)ra-o-nare < [ 1arm+re [ are) <2,
—00 X —00 X
whereas a lower bound is computable in the form

B > / " P — ) dF() = FO)F(x).

—0Q

Inverting the derived bounds, we have 2F ~! (%) < Fz_l(x) < F~! ( F)(CO)), x = (4. Applying the same
reasoning as above, we obtain that Fz_1 (x) has an asymptotical expansion of the form (27) for x — 0+,
provided that F~!(.) satisfies (27). If F~'(-) has asymptotic representation (37) in the vicinity of 0, the

derived bounds on FZ_l (+) can be used to show that limy_, oo Z:;’z = —o0 in this case as well.

Using the notation (57), we can summarize the developed results in the following theorem.

Theorem 4 (Expected Optimal Value of the MAP) Consider ad > 3,n > 2 MAP (1) with cost co-
efficients that are iid random variables from an absolutely continuous distribution F with existing first
moment. Let (a, b), where a and b are finite or infinite, be the interior of the support set of this distribu-
tion. If the distribution F satisfies conditions of either of Theorems 1, 2, or 3, the expected optimal value
of the MAP satisfies

Z,,—na, n— oo ord-— o0.

The foregoing analysis is constructive in the sense that it allows for deriving practically useful bounds for
the expected optimal value of random MAP. The next section discusses this issue in detail and presents
experimental evidence on the goodness of the developed bounds.

4 Asymptotical bounds and rate of convergence for the expected optimal
value of MAP

Although the primary focus of the preceding sections has been on determining the limiting value of the
expected optimal cost of “infinitely large” random MAPs, the obtained results can be readily employed to
construct upper and lower asymptotical bounds for the expected optimal value of MAP when one of the
parameters n or d is large but finite. The lower and upper bounds Z} , and 2;,,1 introduced in Lemma 2
are especially useful when the support of distribution F of the MAP’s cost coefficients has a finite left
endpoint. The following statement is a special case of Lemma 4 and Theorem 1.
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Corollary 1 Considerad > 3, n > 3 MAP (1) with cost coefficients that are iid random variables from
an absolutely continuous distribution with existing first moment. Let (a, b), where a € R, b € (a, +00],
be the interior of the support set of this distribution, and assume that the inverse F~'(u) of the c.d.f.
F (1) of the distribution is such that

F_l(u)'va—i-Zasus/”, u— 0+, u>0. (58)

Then, for any integer m > 1, lower and upper bounds Z} ,,, 72,” (4) on the expected optimal cost Z} ,
of the MAP can be asymptotically evaluated as

Z;, =an+

nl TG+ DT(+1) e+ DI +1) %00, (59)
p n , K s
T+ 2 +1) Lle+5+1)

1
! AT+ DT(2 +a) T+ 1T (% +a) nd
_am+z; F@ T+t 1) +0 %ﬁﬂF@+%+U . k=5 o0, (59b)

It can be shown that the lower and upper bounds defined by (59) are convergent, i.e.,
—x % n,d
IZd,n _Zd,nl - O’ K —> 00,
whereas the corresponding asymptotical bounds for the case of distributions with support unbounded

. . = % d
from below may be divergent in the sense that |Z; »— 25,1 - 0whenx 25 .

Asymptotical representations (59) for the bounds Z7 , and 7;’,1 are simplified when the inverse F~!(-)
of the c.d.f. of the distribution has a regular power series expansion in the vicinity of zero. Assume, for
example, that function F~'(-) can be written as

F_l(u) =a+au+ (9(142), u— O+. (60)

The asymptotic expressions (59) for the lower and upper bounds Z7 , and 7:1’,! for the expected optimal
cost Z; , then take the form

Zy,~na+ 75, Kk —> 0, (61a)

e ed—l"l .

Z, ~na+a——, K—> 00, 61b
d,n +a na'_z ( )

(d=1)—(d-2)

Z,, ~na+an” x -5 o0. (61c)

It is of interest to note that if a = 0 in (60) then for n >> 1 and d fixed the expected optimal value of the
MAP is asymptotically bounded as

a 1 afe?d=1] 1
— 40— ) < Zi; < —+0—, — 00, 62
nd—2 + <nd—1> = Sdn = T a0 + pd—1 n— oo (62)

which immediately yields the rate of convergence to zero for Z , as n approaches infinity:
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Corollary 2 Considerad > 3, n > 3 MAP (1) with cost coefficients that are iid random variables from
an absolutely continuous distribution with existing first moment. Let (0, b), where b € (0, +00], be the
interior of the support set of this distribution, and assume that the inverse F~'(u) of the c.d.f. F(u) of
the distribution satisfies (60) with a = 0. Then, for a fixed d and n — o0 the expected optimal value
Z;, of the MAP converges to zero as O(n_(d_z)).

Furthermore, inequalities (62) allow one to conjecture that the expected optimal value of a random MAP
with an absolutely continuous distribution F, which satisfies (60) with a = 0, has the form

i} C 1
Z;, = —2+O<nd—l>’ n>1,

nd

where constant C > 0 is such that a; < C < a;[e? 1.

We illustrate the tightness of the developed bounds (59) by comparing them to the computed expected
optimal values of MAPs with coefficients c;,, _;, drawn from the uniform U (0, 1) distribution and expo-
nential distribution with mean 1. The p.d.f. of the uniform distribution is given by fy0,1)(x) = 10,17(x),
and that of exponential with mean 1 distribution is fexpo(1)(X) = ™" 1j0, 400 (x), Where 14(x) is the indi-
cator function of a set A C R. It is elementary that the inverse functions F~!(-) of the c.d.f.’s for both
these distributions are representable in the form (60) with a = 0, a; = 1, thereby reducing the general
expressions (59) for the lower and upper bounds Z7 , and 72’,, to the form (61).
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Figure 1: Expected optimal value Z; , lower and upper bounds Z ,, 725,1 of an MAP with fixed d = 3
(left) and d = 5 (right) for uniform U (0, 1) and exponential(1) distributions.

The numerical experiments involved solving multiple instances of randomly generated MAPs with the
number of dimensions d ranging from 3 to 10, and the number n of elements in each dimension running
from 3 to 20. The number of instances generated for estimation of the expected optimal value of the
MAP with a given distribution of cost coefficients varied from 1000 (for smaller values of d and n) to 50
(for problems with largest n and d).

To solve the problems to optimality, we used a branch-and-bound algorithm that navigated through the
index tree representation of the MAP. Figures 1 and 2 display the obtained expected optimal values of
MAP with uniform and exponential iid cost coefficients when d is fixedatd = 3 or5andn =3, ..., 20,
and when n = 3 or 5 and d runs from 3 to 10. This “asymmetry” in reporting of the results is explained
by the fact that the implemented branch-and-bound algorithm based on index tree is more efficient in
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Figure 2: Expected optimal value Z} , lower and upper bounds Z ,, f;,n of an MAP with fixedn = 3
(left) and n = 5 (right) for uniform U (0, 1) and exponential(1) distributions.

solving “shallow” MAPs, i.e., instances that have larger n and smaller d. The solution times varied from
several seconds to 20 hours on a 2GHz PC.

Figures 1 and 2 suggest that MAPs with exponentially and uniformly distributed costs and the same
dimensionality possess very close expected optimal values. This observation is in complete agreement
with the presented above theoretical findings: indeed, we argue that the asymptotical behavior of large-
scale random MAPs is determined by the properties of the inverse F~!(x) of the c.d.f. F(-) atx = 0.
In the considered case of uniformly and exponentially distributed random MAPs, the inverse functions
F~1(-) of c.d.f’s of these two distributions share the first two terms of their asymptotical expansions at
zero, which leads to similar numerical values of the expected optimal cost.

The conducted numerical experiments also suggest that the constructed lower and upper bounds for the
expected optimal cost of random MAPs are quite tight, with the upper bound Z;,n being tighter for the
case of fixed n and large d (see Figs. 1-2).

Conclusions

In this paper we have conducted asymptotical analysis of the expected optimal value of the Multidi-
mensional Assignment Problem where the assignment costs are iid random variables drawn from a con-
tinuous distribution. It has been demonstrated that asymptotical behavior of the expected optimal cost
of a random MAP in the case when one of the problem’s dimension parameters approaches infinity is
determined by the location of the left endpoint a of the support [a, b] of the distribution. Namely, the
expected optimal cost of a d-dimensional random MAP with n elements in each dimension approaches
the limiting value of na when one of the parameters n or d is fixed and the other increases infinitely.
This statement has been proven to hold true for a broad class of continuous distributions with a finite or
infinite left endpoint of the support. The presented analysis is constructive in the sense that it allows for
derivation of lower and upper asymptotical bounds for the expected optimal value of the problem for a
prescribed probability distribution. If the distribution’s support set has a finite left endpoint, these bounds
are converging.
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