
On the Number of Local Minima for the
Multidimensional Assignment Problem

Don A. Grundel∗ Pavlo A. Krokhmal† Carlos A. S. Oliveira‡

Panos M. Pardalos§

April 2006

Abstract

The Multidimensional Assignment Problem (MAP) is an NP-hard combinatorial opti-
mization problem occurring in many applications, such as data association, target tracking,
and resource planning. As many solution approaches to this problem rely, at least partly,
on local neighborhood search algorithms, the number of local minima affects solution dif-
ficulty for these algorithms. This paper investigates the expected number of local minima
in randomly generated instances of the MAP. Lower and upper bounds are developed for
the expected number of local minima, E[M], in an MAP with iid standard normal coeffi-
cients. In a special case of the MAP, a closed-form expression for E[M] is obtained when
costs are iid continuous random variables. These results imply that the expected number
of local minima is exponential in the number of dimensions of the MAP. Our numerical
experiments indicate that larger numbers of local minima have a statistically significant
negative effect on the quality of solutions produced by several heuristic algorithms that
involve local neighborhood search.

Keywords: Multidimensional Assignment Problem, Random Costs, Combinatorial Opti-
mization, Local Minima, Neighborhood Search.

1 Introduction

The multidimensional assignment problem (MAP) is a higher dimensional version of the stan-
dard (two-dimensional, or linear) assignment problem. The objective of the MAP is to find
tuples of elements from given sets, such that the total cost of the tuples is minimal. This
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problem has applications in numerous areas, such as data association (Andrijich and Caccetta,
2001), image recognition (Veenman et al., 1998), multisensor multitarget problems (Murphey
et al., 1998), etc. More examples and an extensive discussion of the subject can be found
in Pardalos and Pitsoulis (2000).

A well-known instance of the MAP is the three-dimensional assignment problem (3DAP). An
example of the 3DAP is to minimize the total cost of assigning ni items to n j locations at nk

points in time. This is also referred to in the literature as the three-dimensional axial assignment
problem, and may be extended to higher dimensions. The three-dimensional axial MAP can
be formulated as

min
ni∑

i=1

n j∑
j=1

nk∑
k=1

ci jk xi jk (1)

s. t.
n j∑

j=1

nk∑
k=1

xi jk = 1, i = 1, . . . , ni ,

ni∑
i=1

nk∑
k=1

xi jk ≤ 1, j = 1, . . . , n j ,

ni∑
i=1

n j∑
j=1

xi jk ≤ 1, k = 1, . . . , nk,

xi jk ∈ {0, 1}, ni ≤ n j ≤ nk,

where ci jk is the cost of assigning item i to location j at time k. In this formulation, the variable
xi jk is equal to 1 if and only if the i-th item is assigned to the j-th location at time k.

Without loss of generality, d-dimensional axial MAP can be written in the form where each
dimension has the same number n of elements, i.e.,

min
x∈{0,1}nd

{ ∑
ik∈{1,...,n}
k∈{1,...,d}

ci1··· id xi1··· id

∣∣∣∣ ∑
ik∈{1,...,n}

k∈{1,...,d}\ j

xi1··· id = 1, i j = 1, . . . , n, j = 1, . . . , d
}
. (2)

A feasible solution to (2) can be specified by enumerating the indices of non-zero binary vari-
ables xi1··· id . In such a way, the triple {111, 222, 333} represents a “diagonal” feasible solution
to 3DAP (1) in which xi jk = 1 if i = j = k, and xi jk = 0 otherwise. Also, it is sometimes
convenient to describe a feasible solution to MAP (2) by specifying its cost. Generally, the cost
of a feasible solution to (2) has the form

z = ci (1)1 ··· i (1)d
+ ci (2)1 ··· i (2)d

+ . . .+ ci (n)1 ··· i (n)d
, (3)

where {i (1)k , i (2)k , . . . , i (n)k } is a permutation of the set {1, 2, . . . , n} for every k = 1, . . . , d . This
observation leads to an equivalent formulation for MAP in terms of permutations π1, . . . , πd−1

of numbers 1 to n,

min
π1,...,πd−1∈5n

n∑
i=1

ci,π1(i),...,πd−1(i), (4)
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where 5n is the set of all permutations of {1, . . . , n}.

In general, the MAP is known to be NP-hard, a fact which follows from a reduction of the
three dimensional matching problem (Garey and Johnson, 1979). Solving even moderate sized
instances of the MAP has been a difficult task, since a linear increase in the number of dimen-
sions brings an exponential increase in the size of the problem. Despite its inherent difficulty,
several exact and heuristic algorithms (Balas and Saltzman, 1991; Aiex et al., 2005; Clemons
et al., 2003; Pasiliao, 2003) have been proposed to this problem. In most of these algorithms,
some form of local neighborhood search is used.

In this paper we study the expected number of local minima in instances of MAP (2), where
assignment costs ci1··· id are independent identically distributed (iid) random variables drawn
from some continuous distribution.

A local minimum in a combinatorial problem can be defined with respect to a certain local
neighborhood (see, e.g., Lin and Kernighan, 1973). Regarding the MAP (2), local neigh-
borhoods are usually taken as p-exchange neighborhoods (see Section 2). In particular, the
2-exchange local neighborhood appears to be the most commonly used neighborhood in meta-
heuristics such as GRASP that are applied to the MAP as evidenced in Aiex et al. (2005);
Clemons et al. (2003); Murphey et al. (1998).

The motivation of this paper is to study the effects that the number of local minima in an MAP
may have on heuristic solution algorithms that rely, at least partly, on repeated local searches
in neighborhoods of feasible solutions Yong and Pardalos (1992). Intuitively, if the number of
local minima is small then one may expect better performance from meta-heuristic algorithms
that rely on local neighborhood searches. A solution landscape is considered to be rugged
if the number of local minima is exponential with respect to the dimensions of the problem
(Palmer, 1991). Evidence by Angel and Zissimopoulos (2001) showed that ruggedness of the
solution landscape has a direct impact on the effectiveness of the simulated annealing heuristic
in solving at least one other hard problem, the quadratic assignment problem. The present
paper will further investigate the assumption that the number of local minima impacts the
effectiveness of algorithms such as simulated annealing in solving the MAP.

The next section provides some additional background on the p-exchange local search neigh-
borhoods. Section 3 describes the expected number of local minima for MAPs of size of n = 2
and d ≥ 3 where the cost elements are independent identically distributed random variables
from any probability distribution. Section 4 describes presents bounds for the expected number
of local minima for all sizes of MAPs where assignment costs are independent standard normal
random variables. Then in Section 5, we investigate how the expected number of local minima
impacts the performance of various algorithms that rely on local searches. Some concluding
remarks are given in the last section.

2 Local minima and p-exchange neighborhoods in MAP

As it has been mentioned in the Introduction, we consider local minima of an MAP with
respect to a local neighborhood, in the sense of Lin and Kernighan (1973). For any p =
2, . . . , n, we define the p-exchange local neighborhood Np(i) of the i-th feasible solution
{i (1)1 · · · i

(1)
d , . . . , i

(n)
1 · · · i

(n)
d } of the MAP (2) as the set of solutions obtained from i by permut-
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ing p or less elements in one of the dimensions 1, . . . , d . More formally, Np(i) is the set of
n-tuples { j (1)1 · · · j (1)d , . . . , j (n)1 · · · j (n)d } such that { j (1)k , . . . , j (n)k } is a permutation of {1, . . . , n}
for all 1 ≤ k ≤ d, and, furthermore, there exists only one k0 ∈ {1, . . . , d} such that

2 ≤
n∑

r=1

δ̄i (r)k0
j (r)k0
≤ p, while

n∑
r=1

δ̄i (r)k j (r)k
= 0 for all k ∈ {1, . . . , d}\k0, (5)

where δ̄i j is the negation of the Kroneker delta, δ̄i j = 1 − δi j . As an example, consider the
following feasible solution to a d = 3, n = 3 MAP (1): {111, 222, 333}. Then, one of its 2-
exchange neighbors is {111, 322, 233}, another one is {131, 222, 313}; a 3-exchange neighbor
is given by {311, 122, 233}, etc. Evidently, one has Np ⊂ Np+1 for p = 2, . . . , n − 1.

Proposition 1 For any p = 2, . . . , n, the size |Np| of the p-exchange local neighborhood of a
feasible solution of a MAP (2) is equal to

|Np| = d
p∑

k=2

D(k)
(

n
k

)
, where D(k) =

k∑
j=0

(−1)k− j
(

k
j

)
j!. (6)

Proof: DefiningN ∗p (·) as the local neighborhood of a feasible solution obtained by permuting
exactly p elements in any of the dimensions 1, . . . , d , the set Np(·) can be represented as

Np(·) =

p⋃
k=2

N ∗k (·), whence |Np| =

p∑
k=2

|N ∗k |. (7)

It is easy to see that |N ∗k | = d
(n

k

)
D(k), where D(k) is the number of derangements

of a k-element set Stanley (1986), i.e., the number of permutations {1, 2, . . . , k} 7→
{i (1), i (2), . . . , i (k)} such that i (1) 6= 1, . . . , i (k) 6= k. Then, D(k) satisfy the identity

k!− 1 =
k∑

j=1

(
k
j

)
D( j) k ≥ 1,

which leads to expression (6). �

Remark 1.1 Quantities D(k) can be easily calculated by means of the recurrent relation (see
Stanley, 1986)

D(k) = k D(k − 1)+ (−1)k, D(1) = 0,

so that, for example, D(2) = 1, D(3) = 2, D(4) = 9, and so on. Then, according to Propo-
sition 1, the size of a 2-exchange neighborhood is |N2| = d

(n
2

)
, the size of a 3-exchange

neighborhood is |N3| = d
[(n

2

)
+ 2
(n

3

)]
, etc.

Note also that size of the p-exchange neighborhood is linear in the number of dimensions d.
Depending on p, |Np| is either polynomial or exponential in the number of elements n per
dimension, as follows from the representation

D(n) = n!
(

1− 1
1! +

1
2! −

1
3! + · · · +

(−1)n

n!

)
≈

n!
e
, n � 1.
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The definition of a local minimum with respect to the p-exchange neighborhood is then
straightforward. The k-th feasible solution with cost zk is a p-exchange local minimum iff
zk ≤ z j for all j ∈ Np(k). Continuing the example above, the solution {111, 222, 333} is a
2-exchange local minimum iff its cost z1 = c111 + c222 + c333 is less than or equal to costs of
all of its 2-exchange neighbors.

The number Mp of local minima of the MAP is obtained by counting the feasible solutions that
are local minima with respect to neighborhoods Np. In a random MAP, where the assignment
costs are random variables, Mp becomes a random quantity itself. In this paper we are inter-
ested in determining the expected number E[Mp] of local minima in random MAPs that have
iid assignment costs with continuous distribution.

3 Expected number of local minima in MAP with n = 2

In a special case of an MAP where n = 2, d ≥ 3, and cost elements are independent identically
distributed random variables from some continuous distribution with cumulative distribution
function (c.d.f.) F , the feasible set possesses a special structure that allows for a closed-form
expression for the expected number of local minima E[M]. In doing so, we will need the
following well-known fact, which we state as

Proposition 2 Given k iid continuous random variables, the probability that the r-th, r =
1, . . . , k, variable is the minimum value is 1/k.

In other words, in a sample of iid continuous random variables the position of the minimum
value is uniformly located within the sequence regardless of the distribution. We are now in
the position to prove the main result of this section.

Theorem 1 In a n = 2, d ≥ 3 MAP with cost coefficients that are iid continuous random
variables, the expected number of local minima is given by

E[M] =
2d−1

d + 1
. (8)

Proof: In an n = 2 MAP the largest local neighborhood isN2, hence the total number of local
minima is equal to the number of 2-exchange local minima. Next, observe that in an instance
of the MAP with n = 2 and cost coefficients that are iid random variables with continuous
distribution F , the costs of distinct feasible solutions are iid with distribution F2 that is the
convolution of the distribution F with itself: F2 = F ∗ F (see Grundel et al., 2005).

Denoting N = 2d−1 as the number of feasible solutions to the n = 2 MAP, and introducing
indicator variables Yk such that Yk = 1 if the k-th solution, k = 1, . . . , N , is a local minimum,
and Yk = 0 otherwise, one can write the number M of local minima in an MAP with iid random
coefficients as the sum of indicator variables:

M =
N∑

k=1

Yk, whence E[M] =
N∑

k=1

P[Yk = 1], (9)
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where P[Yk = 1] is the probability that the cost of the k-th feasible solution does not exceed
the cost of any of its neighbors. According to Proposition 1, any feasible solution has |N2| = d
neighbors whose costs, are iid continuous random variables. Then, Proposition 2 implies that

P[Yk = 1] =
1

d + 1
,

which, upon substitution into (9), yields the statement of the theorem (8). �

Equality (8) implies that in a n = 2, d ≥ 3 MAP the number of local minima E[M] is exponen-
tial in d when the cost coefficients are independently drawn from any continuous distribution.

4 Expected number of local minima in a random MAP with nor-
mally distributed costs

Our ability to derive a closed-form expression (8) for the expected number of local minima
E[M] in the previous section has relied on the independence of feasible solution costs (3) in an
n = 2 MAP. As it is easy to verify directly, in the case n ≥ 3 the costs of feasible solutions are
generally not independent. This complicates analysis significantly if an arbitrary continuous
distribution for assignment costs ci1··· id in (2) is assumed. However, as we show below, one
can derive upper and lower bounds for E[M] in the case when the costs coefficients of (2) are
independent normally distributed random variables. First, we develop bounds for the number
of local minima E[M2] defined with respect to 2-exchange neighborhoods N2 that are most
widely used in practice.

4.1 2-exchange local neighborhoods

Noting that in the general case the number N of the feasible solutions to MAP (2) is equal to
N = (n!)d−1, rewrite the expression (9) for E[M2] in the form

E[M2] =
N∑

k=1

P
[ ⋂

j ∈N2(k)

zk − z j ≤ 0
]
, (10)

whereN2(k) is the 2-exchange neighborhood of the k-th feasible solution, and zi is the cost of
the i-th feasible solution, i = 1, . . . , N .

If we allow the nd cost coefficients ci1··· id of the MAP to be independent standard normal
N (0, 1) random variables, then for any two feasible solutions the difference of their costs
Z i j = zi − z j in (10) is a normal variable with mean zero, as follows from (3).

Without loss of generality, consider the k = 1 feasible solution to (2) whose cost is

z1 = c1···1 + c2···2 + . . .+ cn···n. (11)

In the 2-exchange neighborhoodN2(1), the cost of a feasible solution differs from (11) by two
cost coefficients, e.g.,

z2 = c21···1 + c12···2 + c3···3 + . . .+ cn···n.
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Generally, the difference z1− zl between the cost of (11) and that of any its neighbor l ∈ N2(1)
has the form

Zrsq = cr ···r + cs···s − cr ···rsr ···r − cs···srs···s, (12)

where the last two cost coefficients have “switched” indices in the q-th position, 1 ≤ q ≤ d.
Observing that

Zrsq = Zsrq for r, s = 1, . . . , n; q = 1, . . . , d,

consider the |N2|-dimensional random vector

Z = (Z121, . . . , Z12d, Z131, . . . , Z13d, · · ·

· · · , Zrs1, . . . , Zrsd, · · · , Zn−1,n,1, . . . , Zn−1,n,d
)
, r < s. (13)

Vector Z has normal distribution N (0,Σ), with covariance matrix Σ defined as

Cov (Zrsq, Z i jk) =


4, if i = r, j = s, q = k,
2, if i = r, j = s, q 6= k,
1, if (i = r, j 6= s) or (i 6= r, j = s),
0, if i 6= r, j 6= s.

(14)

For example, in the case n = 3, d = 3 the covariance matrix Σ has the form

Σ =



4 2 2 1 1 1 1 1 1
2 4 2 1 1 1 1 1 1
2 2 4 1 1 1 1 1 1
1 1 1 4 2 2 1 1 1
1 1 1 2 4 2 1 1 1
1 1 1 2 2 4 1 1 1
1 1 1 1 1 1 4 2 2
1 1 1 1 1 1 2 4 2
1 1 1 1 1 1 2 2 4


.

Now, the probability in (10) can be expressed as

P
[ ⋂

j ∈N2(k)

zk − z j ≤ 0
]
= FΣ(0), (15)

where FΣ is the c.d.f. of the |N2|-dimensional multivariate normal distribution N (0,Σ). While
the value of FΣ(0) in (15) is difficult to compute exactly for large d and n, lower and upper
bounds can be constructed using Slepian’s inequality Slepian (1962); Tong (1990). To this end,
let us introduce covariance matrices

S
Σ = (

¯
σi j ) and SΣ = (σ̄i j ) as

¯
σi j =


4, if i = j,
2, if i 6= j and (i − 1) div d = ( j − 1) div d,
0, otherwise,

(16a)

σ̄i j =

{
4, if i = j,
2, otherwise,

(16b)
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so that
¯
σi j ≤ σi j ≤ σ̄i j holds for all 1 ≤ i, j ≤ |N2|, with σi j being the components of the

covariance matrix Σ (14). Then, Slepian’s inequality claims that

F
S
Σ(0) ≤ FΣ(0) ≤ FSΣ(0), (17)

where F
S
Σ(0) and FSΣ(0) are c.d.f.’s of random variables X

S
Σ ∼ N (0,

S
Σ) and XSΣ ∼ N (0, SΣ)

respectively.

As the random vector XSΣ is equicorrelated, the upper bound in (17) can be expressed by the
one-dimensional integral (see, e.g., Tong (1990))∫

+∞

−∞

[
8(az)

]|N2| d8(z), a =
√
ρ

1− ρ
, (18)

where 8(·) is the c.d.f. of standard normal distribution:

8(z) =
∫ z

−∞

1
√

2π
e−t2/2 dt,

and ρ = σi j/
√
σi i σj j is the correlation coefficient of distinct components of XSΣ . According to

(16b), the correlation coefficient is ρ = 1
2 , which allows for a simple closed-form expression

for the upper bound in (17)

FSΣ(0) =
∫
+∞

−∞

[
8(z)

]d(n2) d8(z) =
1

d
(n

2

)
+ 1
. (19)

This immediately yields the value of the upper bound E[M2] for the expected number of local
minima E[M2]:

E[M2] =
N∑

k=1

FSΣ(0) =
2 (n!)d−1

n(n − 1)d + 2
. (20)

Let us now calculate the lower bound for E[M] using (17). According to the covariance matrix

S
Σ (16a), the random vector X

S
Σ is comprised of n(n−1)

2 blocks of variables, each consisting
from d elements,

X
S
Σ =

(
X1, . . . , Xd, · · · · · · , X(n(n−1)/2−1)d+1, . . . , X(n(n−1)/2)d

)
,

such that the variables from different blocks are independent, whereas variables within a block
have a d × d covariance matrix defined as in (16b). Thus, one can express the lower bound
F
S
Σ(0) in (17) as a product

F
S
Σ(0) =

n(n−1)
2∏

i=1

P
[

X(i−1)d+1 ≤ 0, . . . , X id ≤ 0
]
.

Since variables X(i−1)d+1, . . . , X id are equicorrelated with correlation coefficient ρ = 1
2 , each

probability term in the last equality can be computed similarly to evaluation of the lower-bound
probability (19), i.e.,

F
S
Σ(0) =

n(n−1)
2∏

i=1

∫
+∞

−∞

[
8(z)

]d d8(z) =
(

1
d + 1

) n(n−1)
2

.
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This finally leads to a lower bound for the number of expected minima:

E[M2] =
N∑

k=1

F
S
Σ(0) =

(n!)d−1

(d + 1)n(n−1)/2
.

The presented arguments can be readily extended to the case when cost coefficients ci1··· id are
drawn independently from an arbitrary N (µ, σ 2) normal distribution. It suffices to note that
in this case variables Zrsq (12) have marginal distributions N (0, 4σ 2) and joint distribution
N (0,Σσ ), where covariance matrix Σσ is obtained from matrix Σ (14) by multiplying all its
elements by σ 2:

Σσ = σ
2Σ.

Similarly, covariance matrices
S
Σσ = σ

2

S
Σ and SΣσ = σ 2SΣ can be used to construct the lower

and upper bounds for probability FΣσ (0) as in (17). Observe that, for instance, components
of vector XSΣσ with c.d.f. FSΣσ are still equicorrelated with ρ = 1

2 , which yields FSΣσ (0) =[
d
(n

2

)
+ 1
]−1 by (19). Hence, the obtained upper bound (20) for E[M2] is valid in MAP with

iid normal N (µ, σ 2) coefficients. It also can be demonstrated that the corresponding lower
bound holds as well. In such a way, we have proved the following

Theorem 2 In a n ≥ 3, d ≥ 3 MAP with iid normal cost coefficients, the expected number of
2-exchange local minima is bounded as

(n!)d−1

(d + 1)n(n−1)/2
≤ E[M2] ≤

2 (n!)d−1

n(n − 1)d + 2
. (21)

Remark 2.1 Both the lower and upper bounds in (21) coincide with the exact expression (8)
for E[M2] in the case n = 2.

From (21) it follows that for fixed n ≥ 3, the expected number of local minima is exponential
in the number of dimensions d for a fixed n.

4.2 Higher-order neighborhoods (p ≥ 3)

The outlined approach is applicable to general p-exchange neighborhoods. For convenience,
here we consider the neighborhoods N ∗p as defined in Section 2, i.e., the neighborhoods ob-
tained from a given feasible solution by permuting exactly p elements in one of the d dimen-
sions, so that for any feasible solution i = {i (1)1 · · · i

(1)
d , . . . , i

(n)
1 · · · i

(n)
d } and its p-exchange

neighbor j = { j (1)1 · · · j (1)d , . . . , j (n)1 · · · j (n)d } ∈ N ∗p (i) one has (compare to (5))

n∑
r=1

δ̄i (r)k0
j (r)k0
= p, k0 ∈ {1, . . . , d}, and

n∑
r=1

δ̄i (r)k j (r)k
= 0 for all k ∈ {1, . . . , d}\k0. (22)

Then, upper and lower bounds for the expected number of local minima E
[
M∗p
]

defined with
respect to p-exchange neighborhoods N ∗p can be derived in a similar fashion. As before,
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consider the neighborhood of the i = 1, or the “diagonal” solution {1 · · · 1, . . . , n · · · n}. Then
the difference between its cost and the cost of any of its neighbors from N ∗p (1) has the form

Z i = z1 − zi =

p∑
k=1

cik ···ik −

p∑
i=1

cik ···π∗p (ik )···ik . (23)

Here {i1, . . . , ip} ⊆ {1, . . . , n} is the set of p elements that is permuted (deranged), and π∗p is
the corresponding derangement. If the assignment costs of the MAP (2) are standard normal
N (0, 1) random variables, then the differences Z i = z1 − zi , i ∈ N ∗p (1), are also normal
N (0, 2p) random variables. Following the approach of section 4, let us partition the |N ∗p |-
dimensional vector of cost differences (23) into

(n
p

)
blocks, each block corresponding to a

fixed selection {i1, . . . , ip} of the p elements being permuted. Within each block, there are

d D(p) = d
p∑

j=0

(−1)p− j
(

p
j

)
j!

variables that differ by the second summation term in (23). Next, observe that the minimum
covariance between two variables within a block is p, which happens when these variables do
not have any common summands in the second summation term in the representation (23). This
is the case if, for example, the corresponding derangements π∗p are distinct cyclic permutations.

If p ≥ 4, the maximum covariance between two variables in a block is equal to 2p − 2,
i.e., there may be at most p − 2 common elements in the second summation term (23). Ex-
amples of the corresponding derangements are {1, 2, 3, . . . , k} 7→ {k, 1, 2, 3, . . . , k − 1} and
{1, 2, 3, . . . , k} 7→ {2, 1, k, 3, . . . , k − 1}. Note that in the case p = 3 all variables within a
block are equicorrelated with covariance equal to p = 3.

Similarly to the above, introduce two matrices SΣp,
S
Σp ∈ R|N ∗p |×|N ∗p | such that

(
SΣp
)

i j =

{
2p, if i = j,
2p − 2, if i 6= j,

(24a)

(
S
Σp
)

i j =


2p, if i = j,
p, if i 6= j and (i − 1) div

(
d D(p)

)
= ( j − 1) div

(
d D(p)

)
,

0, otherwise.
(24b)

Then
(
S
Σp
)

i j ≤
(
Σp
)

i j ≤
(
SΣp
)

i j , where Σp is the covariance matrix of the |N ∗p |-dimensional
random vector of the cost differences (23). Then the sought probability

P
[ ⋂

i ∈N ∗p (k)
zk − zi ≤ 0

]
= FΣp(0)

can be bounded as F
S
Σp(0) ≤ FΣp(0) ≤ FSΣp

(0), which yields

(n!)d−1[
d D(p)+ 1

](np) ≤ E
[
M∗p
]
≤ (n!)d−1

∫
+∞

−∞

[
8
(√

p − 1 z
)]d(np)D(p)

d8(z), (25)

where M∗p is the number of local minima with respect to N ∗p neighborhoods. Note that (21) is
a special case of (25) for p = 2. The integral in the right-hand side of (25) does not seem to
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allow for an explicit-form solution, except for the case p = 2. Yet, the asymptotical behavior
of this integral for large n or d can be estimated using the standard methods of asymptotic
analysis Olver (1997). In the case p = 3, however, the upper bound in (25) can be simplified
due to the above observations by defining the matrix SΣ3 as

(
SΣ3
)

i j =

{
6, if i = j,
3, if i 6= j,

which leads to an upper bound for E
[
M∗3
]

of the form

E
[
M∗3
]
≤

3(n!)d−1

n(n − 1)(n − 2)d + 3
. (26)

Following the same track of arguments as used in the proof of Theorem 2, it can be shown that
the developed bounds (25), (26) hold for MAP with arbitrary normal N (µ, σ 2) iid assignment
costs. We summarize the results of this subsection in

Theorem 3 In a n ≥ 3, d ≥ 3 MAP with iid normal cost coefficients, the expected number of
local minima M∗p with respect to p-exchange local neighborhoods N ∗p is bounded as in (25).
For 3-exchange neighborhoods N ∗3 , an improved upper bound (26) holds.

It is interesting to note that for a fixed p the ratio of number of local minima to the number of
feasible solutions becomes infinitely small as the dimensions of the problem increase (see (8),
(21), and (25)).

5 Numerical results

In this section we report the numerical results on the number of local minima in random MAPs.
The experimentally determined number of local minima in random MAPs indicate that the de-
veloped bounds for E[M2] are applicable in the cases when the assignment costs have distribu-
tions other than normal. Also, the effect of the number of local minima on various (heuristic)
solution algorithms is discussed.

5.1 Experimentally determined number of local minima

We can evaluate the goodness of the developed bounds by empirically determining the number
of local minima in randomly generated MAPs. The assignment costs ci1··· id for each problem
instance have been drawn from one of the three distributions: the uniform U [0, 1], exponential
with mean λ = 1, and standard normal, N (0, 1). In the case of exponential distribution,
the assignment costs have been generated as ci1··· id = − ln U , and for the standard normal
distribution we used the well-known polar method (see, e.g., Law and Kelton, 1991).

Table 1 shows the average number of local minima with respect to 2-exchange neighborhoods
N2. For small sized problems, the number of local minima was computed exactly by complete
enumeration of all feasible solutions in a given instance of the problem; the values in Table 1
have been obtained by averaging over 100 problem instances. For larger problems (indicated
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by * in the table), the average number of local minima was estimated by examining a large
number1 of randomly generated problem instances. For each instance, we randomly selected
a feasible solution and determined whether it was a local minimum. This yields an estimate
of the probability that any feasible solution is a local minimum, which was was then used to
estimate the average number of local minima by multiplying this probability by the number
of feasible solutions. This technique proved to have results consistent with the complete enu-
meration method mentioned above for small problems. Regardless of the distribution that cost
coefficients were drawn from, standard deviations of 40% and 5% have observed for problems
of sizes d = 3, n = 3 and d = 5, n = 5, respectively. It is clear from the tables that E[M2] is
effected by the distribution from which assignment costs are drawn.

Table 2 shows similar results for the 3-exchange local neighborhood when the cost coefficients
are iid standard normal. As expected, experimental evidence indicates that E[M3] ≤ E[M2],
i.e., the expected number of local minima with respect to 3-exchange neighborhoods is smaller
than that for 2-exchenge neighborhoods for same-sized problems.

Figure 1 visualizes the experimentally determined number of local minima in random MAPs
as presented in Table 1, along with the developed bounds (17), for instances with fixed d = 6
(left) and n = 6 (right) and assignment costs drawn from the above three distributions. The
logarithmic scale is used due to the exponential growth of the corresponding values with n
and d . In particular, Fig. 1 indicates that although the bounds (17) have been developed in
assumption of normally distributed assignment costs, they are also valid for other distributions.

Number of local minima, Uniform on [0,1]
n\ d 3 4 5 6

2 1 1.68 2.66 4.56
3 2 7.69 33.5 159
4 5.60 77.8 1230 2.1E+4
5 21.0 1355 9.58E+04* 7.60E+6*
6 116 3.62E+04* 1.30E+07* 6.56E+9*

Number of local minima, Exponential λ = 1
n\ d 3 4 5 6

2 1 1.54 2.66 4.71
3 2.06 7.84 35.8 165
4 5.47 80.6 1290 2.18E+4
5 22.7 1400 1.01E+5* 7.67E+06*
6 122 3.91E+4* 1.53E+07* 6.26E+09*

Number of local minima, Standard Normal costs
n\ d 3 4 5 6

2 1 1.56 2.58 4.66
3 1.82 7.23 30.3 141
4 4.54 62.2 949 1.58E+04
5 16.3 939 6.5E+4* 4.75E+06*
6 75.6 2.36E+4* 7.90E+06* 3.48E+09*

Table 1: Average number of local minima with respect to 2-exchange local neighborhoods in
random MAPs with iid assignment costs

1The number examined depends on problem size. The number ranged from 106 to 107
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n\ d 3 4 5 6
3 1.55 5.98 26.0 124
4 3.27 43.1 670 1.11E+4
5 8.27 516 3.48E+4* 2.65E+06*
6 28.8 8710* 3.06E+06* 1.22E+09*

Table 2: Average number of local minima with respect to 3-exchange local neighborhoods in
random MAPs with iid standard normal assignment costs
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Figure 1: Experimentally determined E[M2] and bounds (17) in random MAPs with fixed
d = 6 (left) and n = 6 (right) and uniform, exponential, and standard normal assignment costs
(in logarithmic scale)

5.2 Effect of M on solution algorithms

In this subsection we examine the impact of the number of local minima in random MAPs
on the performance of several heuristic solution algorithms that rely, at least in part, on lo-
cal neighborhood searches. In particular, we consider three heuristics: random local search,
Greedy Randomized Adaptive Search (GRASP), and Simulated Annealing. These heuristics
were exercised against various-sized problems randomly generated from the standard normal
distribution.

Random Local Search: The random local search procedure simply steps through a given
number of iterations. Each iteration begins by selecting a random starting solution. The
algorithm then conducts a local search until no better solution can be found. The al-
gorithm captures the overall best solution and reports it after executing the maximum
number of iterations.

GRASP: A greedy randomized adaptive search procedure (GRASP) (see Feo and Resende,
1989, 1995; Festa and Resende, 2001) is a multi-start or iterative process, in which each
iteration consists of two phases. In a construction phase, a random adaptive rule is used
to build a feasible solution one component at a time. In a local search phase, a local
optimum in the neighborhood of the constructed solution is sought. The best overall
solution is kept as the result. The neighborhood search conducted is similar to that in
the random local search algorithm above. That is, neighbors of a current solution are
examined one at a time and if an improving solution is found, it is adopted as the current
solution and local search starts again. Local search ends when no improving solution is
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found. GRASP has been used in many applications and specifically in solving the MAP
by Aiex et al. (2005) and Murphey et al. (1998).

Simulated Annealing: Simulated Annealing is a popular heuristic used in solving a variety
of problems (Kirkpatrick et al., 1983; Metropolis et al., 1953). Simulated annealing uses
a local search procedure, but the process allows uphill moves. The probability of moving
uphill is higher at high temperatures, but as the process cools, there is less probability of
moving up hill. The specific steps for simulated annealing used in this paper are taken
from Gosavi (2003). Simulated annealing has been applied to the MAP by Clemons
et al. (2003).

The heuristic solution quality Q, which is the relative difference from the optimal value, is
reported and compared for problems with the same size, and assignment costs independently
drawn from the standard normal distribution. The purpose of our analysis is not to compare
the efficiency of the heuristic algorithms, but to determine the extent to which the number of
local minima affects the performance of these algorithms. Each run of an experiment involved
the following general steps:

1. Generate random MAP instance with cost coefficients that are iid standard normal ran-
dom variables

2. Obtain M by checking each feasible solution for being a local minimum

3. Solve the generated MAP instance using each of the above heuristics 100 times and
return the average solution quality, Q, for each heuristic method

Problem sizes were chosen so as to allot a practically reasonable amount of time to determine
M (since counting M is the obvious bottleneck in the experiment). Four problem sizes chosen
were d = 3, n = 6; d = 4, n = 5; d = 4, n = 6; and d = 6, n = 4. For problem size d = 4,
n = 6, which has the largest number of feasible solutions N , a single run took approximately
four hours on a 2.2 GHz Pentium 4 machine. The number of runs for each experiment varied
for each problem size with fewer runs for larger problems. The number of runs were 100, 100,
30, and 50, respectively, for the problem sizes listed above.

Figure 2 displays the average solution quality for each of the three heuristics versus the number
of local minima. We report the results for problem size d = 4, n = 5, and the results for
other problem sizes are similar. Included in each plot is a best-fit linear least-squares line that
provides some insight on the effect of M on solution quality. A close examination of the figures
indicates that the solution quality improves with smaller M for each heuristic solution method.
This conclusion was verified using a regression analysis to determine that the effect of M on
average solution quality is statistically significant (p-value averaged approximately 0.01).

We have also investigated the 3-exchange neighborhood. Figure 3 displays plots of the aver-
age solution quality of the three heuristics versus the number of local minima when using the
larger neighborhood. The parameters, such as number of iterations, were kept the same for
each heuristic. The only change made was the neighborhood definition. The plots for random
local search and GRASP indicate that the effect of M on solution quality is statistically signif-
icant (the average p-value of the regression analysis is 0.05). However, the effect of M is not
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Random Local Search using 2-exchange
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GRASP using 2-exchange
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Simulated Annealing using 2-exchange
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Figure 2: Plots of solution quality versus number of local minima when using the 2-exchange
neighborhood. The MAP has a size of d = 4, n = 5 with cost coefficients that are iid standard
normal.
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Random Local Search using 3-exchange
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GRASP using 3-exchange
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Simulated Annealing using 3-exchange
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Figure 3: Plots of solution quality versus number of local minima when using a 3-exchange
neighborhood. The MAP has a size of d = 4, n = 5 with cost coefficients that are iid standard
normal.
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statistically significant in the case of simulated annealing when the 3-exchange neighborhood
is used (p-value of 0.4).

We note a couple of interesting aspects when comparing Figures 2 and 3. The solution quality
obtained by random local search or GRASP improves when using the larger neighborhood.
This is to be expected, but at the expense of longer solution times. We observed that, on av-
erage, the random local search took approximately 30% longer and GRASP took about 15%
longer to complete the same number of iterations. Simulated annealing’s performance in terms
of solution quality dropped when the neighborhood size was increased. This is not surprising
as the optimal starting temperature and cooling rate depend on the problem-instance charac-
teristics such as size, neighborhood definition, cost coefficient values, etc. Our experimental
results for simulated annealing reiterate the necessity for properly tuning heuristic parameters
when the neighborhood definition is changed.

6 Conclusions

In this paper we report some analytical and experimental results concerning the number of
local minima in the MAP whose assignment costs are realizations of independent identically
distributed random variables. Experimental evidence suggests that the expected number of
local minima, E[M], is exponential with respect to the dimensions of the problem when cost
coefficients are iid continuous random variables. This was proved true for the case n = 2
and d ≥ 3, and costs being drawn from an arbitrary continuous distribution. For the case
n ≥ 3, d ≥ 3, we were able to develop lower and upper bounds for E[M] provided that cost
coefficients are independent standard normal random variables. Considering the lower bound,
we found that, for fixed n ≥ 3, E[M] is exponential in d . An interesting consequence of these
results is that the ratio of E[M] to the number of feasible solutions becomes infinitely small
with increasing problem size.

Through experimental procedures we found that increasing M has a statistically significant
negative effect on solution quality for three heuristic solution algorithms that rely on local
neighborhood searches (random local search, GRASP, and simulated annealing).
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